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A FAMILY OF NEW-WAY INTEGRALS EOR THE STANDARD T-EUNCTION 
OF CUSPIDAL REPRESENTATIONS OF THE EXCEPTIONAL GROUP OF 

TYPE G 2 

AVNER SEGAL 


Abstract. Let (5,7r,X!5t) be a standard twisted partial /Z-function of degree 7 of the cuspidal 
automorphic representation tt of the exceptional group of type G 2 - In this paper we construct a 
family of Rankin-Selberg integrals representing this >C-function. As an application, we prove that 
the representations attaining certain prescribed poles are exactly the representations attained by 
0-lift from a group of finite type. 
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1. Introduction 

/^-functions are one of the central objects of modern number theory, representation theory, the theory 
of automorphic forms and other areas of mathematics. They are used in order to achieve algebraic and 
arithmetic information by means of analytic inquiries. The use of £-functions in number theory goes 
back to Dirichlet who used them in 1837 to prove that any arithmetic progression, with coprime 
coefficients, contains infinitely many prime numbers. 

Let G be a reductive group defined over a number field F. Given a non-Archimedean place v ol & 
number field F and an unramified representation tTj^ of G there is a semisimple conjugacy class 
S ^G, called the Satake parameter of For a finite dimensional representation p of ^G the local 
£-fact or is defined by 

C- (s, TTj^, p) = , — T 3yr, 

Aet[l-p{Gjqu ) 

where is the cardinality of the residue field of F^. 
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Given an irreducible automorphic representation tt = of G (Ap) and a finite set of places S, 

such that TTjy is unramified for v ^ S, the global partial /1-function is defined by 

(s, Tr,p)= £ (s, TT^, p) . 

Langlands conjectured that this product converges for Re{s) » 0 and admits a meromorphic con¬ 
tinuation to the whole complex plane. The most effective way known to prove this conjecture, for 
various cases, is by attaching to {s,Tr,p) an integral representation with convenient analytic prop¬ 
erties. One method of doing this is the Rankin-Selberg method. For a comprehensive survey of the 
Rankin-Selberg method consult [3]. 

Let TT be an irreducible cuspidal representation of the exceptional group G 2 (Ap) and let y be 
a Hecke character of GLi {Ap). The Langlands dual group of G 2 is isomorphic to G 2 (C) and the 
Langlands dual group of GLi is isomorphic to . We denote by st the irreducible seven-dimensional 
complex representation of G 2 (C) x C^. Our main objective is to attach an integral representation 
for the partial £-function £ (s, tt, x,si) = £ (s, tt Kl x,si) and to prove its meromorphic continuation. 

In this paper we consider a family of zeta integrals Zp (x, s, p, f) parametrized by etale cubic 
algebras E over F. Etale cubic algebras over F also parametrize the non-degenerate Fourier coefficients 
along the Heisenberg unipotent subgroup U of G 2 . For any such algebra E we denote by the 
corresponding non-degenerate complex character of U. Isomorphism classes of quasi-split forms of 
£>4 are also parametrized by etale cubic algebras over F. For any such E we denote by Hp the 
corresponding quasi-split form of D 4 . 

In [Tj Theorem 3.1] it is shown that any cuspidal representation of G 2 supports at least one non¬ 
degenerate Fourier coefficient along this unipotent subgroup. The integral Zp {x,s,tp,f) involves a 
normalized degenerate Eisenstein series £p (x, s, /, g) associated to the induced representation from 
the Heisenberg parabolic subgroup Pp oi FIp. 

The main result of this paper is 

Theorem 13.11 . Let TT he an irreducible cuspidal representation of G 2 (Ap) supporting the Fourier 
coefficient corresponding to E and let (p = (p^ G tt and fs = fi, S Ipe (x, s) be factorizable 

data. Fix a finite set of places S <ZV so that for v ^ S all data is unramified. Let 

(1-1) 2 :p(x,s,p,f) = J p(g)£p(x,s,f,g)dg 

C?2(F)\C?2(Af) 

then 

(1-2) Zp (x, s, /) = £'^ -h i, TT, X, ds (x, s,'itp, ps, fs) ■ 

Moreover, for any Sq there exist vectors psi fs such that ds (Xt s,'i’p,ps, fs) is analytic in a neigh¬ 
borhood of So and ds (x, so, '^e, Ps, fs) 7 ^ 0. 

In particular, the family of twisted partial C-function (s, tt, x, st) admits a meromorphic contin¬ 
uation to the whole complex plane. 


This result generalizes m theorem 3.1] where we constructed an integral representation for the 
standard (untwisted) £-function supporting the Fourier coefficient associated with the split cubic 
algebra over F. 

The foremost challenge in the proof of Theorem l3.ll is that in the unfolded integral appears a 
non-unique model, namely a functional from Hom( 7 (AF) (tt, C^i^) which for many tt-s is not a one 
dimensional space. Usually such integrals, called new way integrals after [15j . are not factorizable. In 
m I- Piatetski-Shapiro and S. Rallis suggested a method to prove factorizability of such integrals. 
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The remarkable mechanism suggested there relies on the fact that the local integral at an unramified 
place u will be equal to the local £-factor f or a ny functional from Hom( 7 (j’^) 

As a byproduct of the proof of Theorem l3.ll we provide a parametrization of the G 2 (F) orbits in 
Pe{F) \He{F). 

The proof of Theorem l3.ll is mostly unified for all etale cubic algebras E over F and t he p roof 
splits up for the different kinds of cubic algebras only at a very late stage, namely appendix lA.2l and 
appendix where the arithmetical difference between the different etale algebras become critical. 

In the proof of the local unramified identity we use the same strategy as in [12] and use an approx¬ 
imation to the generating function of the local £-factor instead of the generating function itself. In 
section @ we strengthen the results of [12] concerning this approximation. 

As an application of the main theorem we deduce the following result characterizing theta lifts from 
groups of finite type as the representations having a certain pole. Let E be an etale cubic algebra 
which is not a non-Galois field extension. Let xe be the character attached to E/F by class field 
theory and let Se = Aut^ (E). We denote by 63 ^ the theta correspondence for the dual pair Se x G2 
in FIe yi Se- 


Theorem 18.11 . The following are equivalent 

(1) (s, TT, XE,st) admits a pole at s = 2 of order 2 ifE = FxFxF and of order 1 otherwise. 

(2) 0s.(7r) ^0. 


Other Rankin-Selberg integrals representing the standard £-function of cuspidal representations of 
G2 were introduced in for generic representations and in m for any cuspidal representation of 
G 2 . The later is done using a doubling construction showing that the set of poles of £ (s, tt, x,st) are 
contained in the set of poles of a degenerate Eisenstein series of the exceptional group of type Eg. D. 
Ginzburg and J. Hundley further conjectured [101 Gonjecture 1] for Ole (s) > 0 the orders of the poles 
are bounded by 2. 

Acknowledgments. I would first want to thank Dihua Jiang for suggesting the family of zeta 
integral for the L- func tions. I would like to thank Wee Teck Gan for suggesting the approach for the 
proof of Theorem ll.ll It is of great pleasure to thank Nadya Gurevich for her guidance, for endless 
helpful discussions and mostly for introducing me into the wonderful world of automorphic forms. 

This work constitutes of parts from the Ph.D. thesis of the author. 

The author was partially supported by grant 1691/10 from the Israel Science Foundation. 


2. Preliminaries 

Let £ be a number field and let V be its set of places. For any e gV we denote by the completion 
of £ at u. If u < 00 we denote by Oi, its ring of integers, by a uniformizer of Fi, and by the 
cardinality of the residue field of F^. We also denote hy Kp = A the ring of adeles of £. 

2.1. The Group G 2 . Let G be the simple split reductive adjoint and simply connected group of type 
G 2 defined over £. Let £ be a Borel subgroup of G and T a maximal torus in B. Let a and /3 be the 
short and long simple roots of G with respect to (£, T). Let W be the Weyl group of G with respect 
to {B,T). The Dynkin diagram of G is 

a P 

The set of positive roots of G is 

$+ = {a, P,a + P,2a + /3,3a -f /3, 3a -f 2^} . 
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The fundamental weights of G are denoted by 

oji = 2a + 13, W 2 = 3a + 2/3. 

For any simple root 7 let G W he the simple reflection with respect to it. For any root 7 we fix a 
one-parametric subgroup : Ga ^ G. Also, let h-y : Gm T he the coroot subgroup such that for 
any root e 

e{h^ (t)) 

The group G contains an Heisenberg maximal parabolic subgroup P = M ■ U. The Levi subgroup M 
is isomorphic to GL 2 and is generated by the simple root a, while 17 is a five-dimensional Heisenberg 
group. Finally, we let si : G ^ GT 7 be the standard 7-dimensional embedding. 

2.2. Twisted Partial £-functions. The dual Langlands group ^G of G is isomorphic to G 2 (C). 

Let TT = (g) TTj, be an irreducible cuspidal representation of G (A) and let y = (g) Xi/ : F^\A^ 

be a Hecke character, both unramified outside of a finite subset S C V. For v ^ S we denote its 
Satake parameter by • We let 

/:'^(s,7r,x,st) = n JT77- \ t -T-^- 

This product converges for Die (s) >> 0 to an analytic function. In this paper we prove that 
(s,7r,x,st) admits meromorphic continuation to the whole complex plane. 

Remark 2.1. The dual Langlands group ^GLi of GLi is isomorphic to GLi (C) = C^. By abuse of 
notations by st we also denote the irreducible seven-dimensional complex representation of G 2 (C) x . 
Since ior v ^ S the Satake parameter of Xv is Xv it holds that 

(s,7r,x,st) = n TT77- 777 -—-(— 

2.3. Etale Cubic Algebras Over F. Let E be an etale cubic algebra over F, then E is one of the 
following: 

(1) E = F X F X F: This is called the split cubic algebra over F. In this case, Auti? (E) = S 3 . 

For {a,b,c) € F X F X F let (a, b, c) = abc. 

(2) E = F X K: Here AT is a quadratic (and hence Galois) extension of F. Furthermore, Auti? (E) = 

Gal{K/F) = {I,cr}. For {a,b) G F x K let Nm^;/^? (a, 6 ) = (b) = abb‘^. 

(3) A is a Cubic Galois Field Extension: Here we assume that A is a cubic Galois extension of F. 
In this case, Aut^ (E) = Gal (E/F) = {l, cr, cr^} For a € A let Nm^/^’ (a) = aa'^a'^^. 

(4) A is a Cubic non-Galois Field Extension: In this case, let L be the Galois closure of E over 

F, this is a Sextic Galois extension with Gal {L/F) = {o', t : o^ = 1, = l). Note that L is 

also a Galois extension of E. We achieve the following tower of extensions 



Where K = and E, Fa = ) and E^-i = are the cr-conjugates of E in L. 

For a € A let (a) = . 
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Remark 2.2. We call the first three types Galois etale cubic algebras over F. 

For reasons that will become clear later in this section, we seek a certain realization of -E as a 
quotient of the polynomial ring in two variables F [x,y]. Let E be an etale cubic algebra, then one 
can choose a homogeneous cubic polynomial pe & F [a;, y] so that F [a;] / {pe {x, 1)) = E. Note that 
Pe splits in a finite extension of F into 

PE {x, y) = {x- ay) {x - by) {x - cy ), 

So one may choose pe so that 

PE {X, y)=X^ - T(a,b,c)X^y + D(^a,b,c)Xy'^ - N(^a,b,c)y^, 
where {a,b,c) G F x F x F and 

• T(^a,b,c) = a + b + cGF. 

• D(^a,b,c) = ab + be + ca G F. 

• N{a,b,c) = abc G F. 

According to [181 Proposition 2.2], for any E one can choose (a, b, c) satisfying the following condi¬ 
tion: 

(CT): {aAc) is one of the following: 

• E = F X F X E: (a, b, c) = (1, —1,0). 

• E = FxK,K is a, field: Choose 6 G K such that K — F\0\ and 9 + 9'^ = Q. We choose 
(a,6,c) = (0,6»,6»‘") gKx K xK. 

• E is a field: Choose 9 G E such that E = F [9] and 9 + 9°' + 9“^ =0. We choose 
(a, b, c) = ( 9 , r') gExEx E. 

Here CT stands for cubic algebra triplets. We henceforth assume that {a,b,c) satisfy (CT). In 
particular, we assume that T(^a,b,c) = 0. 


2.4. Characters of U. In this subsection, we will construct for any E a character iPb € Horn (E (A), ) 

We parametrize the elements of U by 


u (fi, ra, rg, r^, rg) := xg (ri) x^+p A) X2a+p (rg) Xg„+/3 (T 4 ) X3a+2p (rs) ■ 

The natural action of M on E induces an action on Horn (E, Ga). It is shown in [13] that for any field 
L of characteristic 0, the M (E)-orbits in Horn (E (E), L) are naturally parametrized by isomorphism 
classes of cubic E-algebras. 

For the rest of this paper, fix a non-trivial additive complex unitary character ip = ip^ oi F\A. 

This gives rise to the correspondence 


{ Isomorphism classes of | 
cubic algebras over E 


Hom(E(A),C^) /M{F). 


In particular, we call ik G Horn (E (A), C^) /M (E) non-degenerate if it corresponds to an etale cubic 
algebra over E. 

For any E we will now attach a representative of the corresponding M (E)-orbit in Horn (E (A), ) 

We let 


(2.1) 4'e (m (ri, r 2 , rg, r4, rg)) := ip (r 4 - T(^a,b,c)r3 + D^a,b,c)r 2 - N(^a,b,c)ri) ■ 

In [12] we use a distinguished representative of the class of complex characters associated with the 
split cubic algebra over E, we denote it by In section 0 we show the relation between and 
'I'ExFxE- 
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2.5. Fourier Coefficients and Wave Front of a Representation. We denote by A{G) the space 
of automorphic forms on G (A). For any (p € A (G) and any 'I' G Horn (C7 (A), C^) we let 


(‘P) {9) = 


(fi (ug) 'b {u)du. 


U(F)\U(A) 


For any g G G (A) this defines a functional (•) (g) G Hom(7(A) (-4,(G) ,C^). For an automorphic 
representation tt va A (G), we say that tt supports the (C/, 'I')-Fourier coefficient if there exist G tt so 
that Lip ((/?) ^ 0. It was shown in [7] that for any cuspidal representation tt in .4(G), there exists an 
etale cubic algebra E so that tt supports the Fourier coefficient corresponding to E. Conversely, it is 
shown in [ 8 ] that for any etale cubic algebra E there exists a cuspidal representation tt that supports 
the ({7, 4'£;)-Fourier coefficient. 


2.6. Local Fourier Transform. For a finite u G V, let denote the maximal compact subgroup 
G (O^) of G (F7). Given a complex character 4' of t/ (F^) let 

M^ = {f:GiF,)^C:f{ugk)=W(^f{g) VnGt/(F,), k € K,} . 

We let Hi, = H{G {F,j) , ATy) denote the spherical Hecke algebra of G {F„) with respect to K,y. For 
/ G Hu define its 'k-Fourier transform /’*' by 

/'^ ( 5 ) = f f (ug) 4- (u) du. 

U{Fu) 

Obviously /'*' G 


Remark 2.3. For any / G Alif , / is determined by its values on M (F) n B (F). For any g = 

dt^ 

ha{ti)hp{t2)xa (d) G M {F) r\B (F) we may also write g = Xa (p) ha{ti)hp{t2) with p = The two 
different presentations will prove useful later. 

The following lemma will be useful while evaluating functions in the proof is analogues to 

[H Lemma A.l]. 


Lemma 2.1. Let f G then for f {ha(ti)hp(t 2 )xa (d)) = 0 unless the following holds: 

ti „ dto 


Ne 




De- 


A 


D —+ ^ ^ G G 

t2 ' ti 20 ' t2 H 2 


2.7. Quasi-Split Forms of D 4 . We recall the following parametrization of quasi-split forms of D 4 
over F: 

{Quasi-split forms of D 4 over F} i —>• {yi : Gal (F/F) —>• Aut {Dyn (F 4 ))} , 
where Dyn {D 4 ) is the Dynkin diagram of type D 4 . 

(Xi (X 2 03 

O—0—O- 


6«4 

Since Aut {Dyn {D 4 )) = S 3 we have 

{Quasi-split forms of D 4 over F} G- 
On the other hand, there is a bijection 


{v5:Gal(F/F) 


{p:GA (F/F) 


Isomorphism classes of 
etale cubic algebras over F 
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For any cubic algebra E let Se = AutpiE) which is a twisted form of S^. An action of Se on the 
algebraic group Spins determines a simply-connected quasi-split form He = Df of D 4 over E. We 
fix a Chevalley-Steinberg system of epinglage n 4.1.3] 

|Tb, Be, Xj :Ga ^ {He)^ , 7 S | > 

where Tp G Bp Is a maximal torus contained in a Borel subgroup (both defined over F) and ^04 are 
the roots ot Hp^F = D4 . For any 7 in the reduced root system ot Hp we denote by the field 
of definition of 7 . 

We now give a more detailed description oi Hp for the different kinds of etale cubic algebras over 
F in terms of the action of Gal [F/F^ on He (A). 

(1) E = F X F X F: In this case Hp is the split reductive simply-connected group of type D 4 over 
F. It corresponds to the trivial action of Gal (^F/F). 

(2) E = F X K: In this case we make a choice of one of the roots ai,as,a 4 and glue the other 
two together. The fact that for each choice of distinct root we get an isomorphic algebraic 
group is called triality. In what follows we choose ai to be the distinct root. This is the case 
where E = F x K with K a quadratic (and hence Galois) extension of F. It is enough to 
define an action of Gal {K/F) = (a) on Spins (AT). This action is determined by 

a (xai (fc)) = Xai (a- (k)) 
a (xa^ (k)) = Xa2 (cr (k)) 

(7 (Xas (k)) = Xa4 (u (k)) 

O- (Xa4 (k)) = Xas (cr (fc)) . 

(3) A is a Cubic Galois Field Extension: Here we assume that A is a cubic Galois extension of 
F. It is enough to define an action of Gal {E/F) = (cr : cr^ = l) on Spins {E). This action is 
determined by 

a{xa2 (e)) = Xa^ (cr(e)) 

<T(Xa 4 (e)) = Xas (cT (c)) 
o-(xa3 (e)) = Xa4 (o- (e)) 
cr(a:„^ (e)) = Xai (cr(e)) . 

(4) A is a Cubic non-Galois Field Extension: Here we assume that A is a cubic non-Galois exten¬ 

sion of F. In order to define Hp (F) we first consider the Galois closure L oi E over F as 
above with Gal (L/F) = (cr, r : cr^ = 1, = l). 

The action of F^; on Spins (L) is determined by 


r (xq,, 

(l))- 

- ^Cti 


(0) v* 

fJ {Xa 2 

(0) = 

- Xa 2 

(o- 

(0) 

cr {Xa 4 

(0) = 

— ^03 


(0) 

G {Xa^ 

(0) = 

“ ^ 0.4 


(0) 

cr {Xa 4 

(0) = 

= Xai 


(0). 


Also, we have Bp n G = B. Furthermore, there exists an Heisenberg parabolic subgroup Pp = 
Mp ■ Up oi Hp so that Pp Cl G = P, Mp Cl G = M and Up CiG = U. In particular 

Mp = G Besp^p GL 2 : det [g) G Gm} ■ 
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2.8. The Degenerate Eisenstein Series. Fix a Hecke character x : C^. We consider the 

normalized induction 

Ipb ix, s) = Indp| (x o detMc) IdetMe : 

where detMs is the determinant character associated to the Levi subgroup Me- Note that for the 
modulus character of Pe it holds that 5 pe|me = IdetMel^- 

For any iF-finite standard section fs € Ipe (x, s) we define the following degenerate Eisenstein 
series 

(2.2) SE{x,fs,s,g)= fsing)- 

-f&PE(F)\HE{F) 

This series converges for Die (s) >> 0 and admits a meromorphic continuation to the whole complex 
plane. We normalize the Eisenstein series as follows 

ix, fs, s, g) = Je ix, s) Se (x, fs, s, g ), 

where 

f £p(s+|,x)/:F(s+i,x)'>Cp(2s + l,x'), E = FxFxF 

JF (x. s) = i (■s + i)X)-Cic (s + |,xoNmp/p) Tp (2s + l,xoNm), F = FxK . 

£f(s+|,x) FE(s+|,XoNmE/F) £f( 2 s+ 1 ,x^) E field 

I Ff(s+|.x) ’ ® 


3. The Zeta Integral 

Let TT = (g) TTy be an irreducible cuspidal representation supporting an ([/, 'kp)-Fourier coefficient 
for some etale cubic algebra E over F. Fix a corresponding character d'p = 0 'k ^ c) f of [/ (A) 

Fg-P ' ’ ’ 

where (a, b, c) satisfy (CT). Let x = <g Xf be a Hecke character. For (p G tt and a standard section 
fs € Ipe (x, s) we consider the following integral 

( 3 . 1 ) ZE{x,s,‘p,f) = J ipig)£*Eix,s,f,9)dg. 

G{F)\G{A) 

Since Lp is cuspidal, and hence rapidly decreasing, this integral defines a meromorphic function in 
the complex plane. Hence the meromorphic continuation oi Ze (X) s, V, f) follows from that of 
^E ix,s,f,g). 

Let (f = ® (pu G TT and fs= ® fv G Ipe (x, s) be pure tensor products. Let S' C 7^ be a finite 
set of places such that for p ^ S it holds that 

• 2,3 /p and v ^ oo. 

• is unramified over F,j. 

• TTi, and Xf are unramified. 

• i^F and fi, are spherical. 

• f/'F is of conductor 

• Either a = 0 or |a| G Of; and similarly for b and c. 

• Either Da^b,c = 0 or Da^b,c € Of and similarly for Na^b,c- 

Remark 3.1. Note that if fV(a,b,c) = 0 then necessarily D;a,b,c) 0- 


Our main result is 
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Theorem 3.1. Let tt, tp, f and S C V be as above. Then 

(3.2) Ze (x,s,v?,/) = ^s+ i,7r,x,st^ ds {x, s,'^ e,<Ps, fs) 

Moreover, for any sq there exist vectors ips, fs such that ds (Xt fs) *5 analytic in a neigh¬ 

borhood of So and ds (x, sq, Ts, fs) ^ 0. 

In particular, the family of twisted partial C-function (s, tt, XjSt) admits a meromorphic contin¬ 
uation to the whole complex plane. 


Most of this paper is devoted to the proof of this theorem. In this section we will outline the 
main ideas and defer the technical part to later sections and appendices. In this paper we generalize 
the approach presented in [T^ while dealing with some delicate issues arising in the non-split case 
while, as noted in the introduction, do this uniformly for most of the way . The only place where the 
proofs differ between the different etale cubic algebras is at appendix A.2 and appendix where the 
difference is caused by an arithmetic difference. 

An application of this theorem to the 0-lift for the dual pairs (G, Se) is discussed in section d. 

In order to perform the unfolding of this integral, we describe the G (F)-orbits in Pe {F) \He (F), 
this is done in section 0. In section]^ we prove the following theorem. 


Theorem 3.2 (Unfolding). For IHe (s) ^ 0 it holds that 


(3.3) 


where 

(3.4) 


Ze {x,s,(p,f) 


= J L-i,j,{(p){g)F* {'iiE,X,9,s), 

(7(A)\G(A) 


F* (4'e,X,5,s) 


fs {p.EX3a+i3 (t) g) Ip (r) dr 


and 


Pe = W2 WiW3W4Xai (o) Xa^ (b) Xa^ (c) . 


Remark 3.2. Note that if the section / is factorizable then so is F*. In particular 

F* {'i'E,X,9,s) = Wf* {'i!E,u,Xv,9v,s), 




where 


Ff {'^Ee^ Xu, 9u, ^) = j /s {9EX3a+i3 (x) 9u) tpu (x) dr. 

Fu 

On the other hand, the integral in equation (13.31 1 is a priori not factorizable since the space 
Homj/(A) (7r,C$) is not necessarily one-dimensional and may even be infinite dimensional. Never¬ 
theless, we will show that the integral is factorizable after all, this follows from an inductive process 
suggested in [15] and the following two results. 


Theorem 3.3 (Unramified Computation). Let be an irreducible unramified representation of 
G (fi/), and let vq be a fixed spherical vector in There exists sq G K such that for any Die (s) > sq 

and any A G Hom( 7 (p-^) it holds that 

(3.5) J F*{'l>E,u,Xu,9,s)A{TT,2{g)vo)dg = /:(^s-\-^,Tr,2,Xu,si^^ivo)- 

C/(E,,)\G(E„) 
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Remark 3.3. The case of a split Fourier coefficient and x = 1 is dealt in [12]. The function F* has 
a different form there due to the different choice of representative for the open orbit that gives rise to 
a different character 4's in the same orbit of ^'fxExf- In section]^ we relate F* X 1 / 7 5; s) nnd 




9,s). 


Theorem 3.4 (Ramified Computation). For any sq € C there exist datum tps and fs such that 
ds {Xy fs) is holomorpMc and non-vanishing in a neighborhood of so- 

I 3 . 3 I is proved in section]^ together with the appendices, Theorem l3.4l is proved in section 0- We 
now show how to derive the main theorem from the other results presented in this section. The proof 
is essentially the same as in m, we include it for the convenience of the reader. 


Proof of Theorem \3. A . By Theorem [3^ 


(3.6) ZE{x,s,<p,f) = lim / ((/?) (g) Xn, 5, s) ^5 , 

|n| <00 


where G {^)q = ^ (Pi^) ^nd 


Pn{'^E,n,Xn,9,s) = jE,n{s) j fsipEXoa+p {r)g)'tp<:i {r)dr. 

Fa 


Fix So S K such that the right h and side of equation (|3.3^ converges for IHes > sq. The integrals on 
the right hand side of equation (13.61 ) mus t als o converge there. Fix a finite subset S C ft c V and 
1 / ^ n. Also fix Si G M such that Theorem l3.3l holds for IHe s > si and tti/. It the holds that 




P-i’E (p) (9) .Pnu{y} Xnu{i^}) ff) s) dg — 


IU{A)^\G{A)^ JU{F^)\G(F^) 

Pq {'^E,n,xn,9ys) 


JU{A)^\G{A),^ 

-C (s + ^,Tr^,st 


P^E iv) i99v) Pq,vj{v} Xnu{!^}j 99^1 dgn dg — 

P-fE (p) {99v)Pt if^E,v,Xy,9v,s) dg^dg = 


/( 7 (A)„\G(A)s, 


/G(F,)\G(F,) 

P^E (p) (9 ) Pq {'^e,q, Xn,9, s) dg , 


where the last equality is due to Theorem l3.3l . A priori the last equality holds only for IHe s > 
max{so,si}, but since Cjs + 4.7r,y,st ) is a meromorphic function the equality actually holds for 
Dies > sq. Plugging this into equation Q we get 


2 e{x,s,(pJ) = lim / (v?) (5)Ff) (4'F,n,Xn,g,s) = 

ScHc-P 

|r2|<oo 

= lim TT T ( s + i 7ri.,x,st) / {tp) (g) Fg {'i>E,s,XS,9,s) dg = 

Scnc-P/ “'G(A)s\G(A)g 

|n |<00 

=( S + ^,7r,x,si) / L-i,^{p){g)F^{-^E,S,XS,9,s) dg . 

\ ^ J i(7(A)g\G(A)g 
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We finish the proof by fixing our datum according to Theorem E3and taking 

ds is,ips,fs) = / L'S’Ei^){9)FH'^E,s,XS,g,s) dg . 

Ju{A)s\G{A)s 


□ 


4. G2 Orbits in Pe\He 


In order to perform the unfolding of equation (13.il l we need to describe Pe {F) \He {F) /G {F) for 
any etale cubic algebra E over F. In order to do this, we give a description of {Pe\He) (F) jG [F). 
Although {Pe\He) (F) /G[F) is independent of E, the representatives we choose depend on E so 
that we can use the method of Galois descent in order to compute {Pe\He) {F) /G (F). 

Denote Pe\He by Xe, this is a projective variety with a right G-action. Note that Xe (F) = 
{Pe\He) (F) = Pe (F) \F[e (F) due to [H Theorem 4.13a]. Let Q = L ■ V he the non-Heisenberg 
maximal parabolic subgroup of G. Its Levi part L = GL 2 is generated by the root /3. The unipotent 
radical F of Q is a three-step unipotent group, we denote its commutator [V, V] by R. We recall from 
[H Lemma 2.1] that Xe (A) has five G (F)-orbits, given as follows. 


Lemma 4.1. The following is a list of representatives of the G (^F^ -orbits in Xe (A) and their sta¬ 
bilizers: 

(1) fJ, = 1 and the stabilizer of Pe {F^ /iG (F) is G^ = P. 

(2) pL = W 2 Wi,W 2 W^,W 2 Wa and the stabilizer of Pe (F) /iG (F) is G^ = LR. 

(3) pL = W 2 W 3 X-aj (1) is a representative of the open orbit and the stabilizer of Pe (F) /iG (F) is 
G^ = T^a+ 2 p ■ U'^, where 

73Q-I-2/3 = {h3a-\-2i3 (t) : t G F^ } , = {m (ci, r2, r2, r4, Ts) : Ti G F} 

We now give a different set of representatives for these orbits. For a triple (a, 6 , c) G F x F x F = 
(ResE/E'Ga) (F) we denote 

fl (a, b, c) = W2lViW3W4Xai (a) Tag ( 6 ) Xa^ (c) . 

For X, x' G Xe (F) we say that x x' if they lie in the same G (F)-orbit. 


Lemma 4.2. Let {a,b,c) € F x F x F then 

( 1 ) a = b = c if and only if /i (a, 6 , c) ^ 1 

(2) • a = b ^ c if and only if /i (o, b, c) ^ W 2 W 4 

• a b = c if and only if /i (o, b, c) ^ W 2 W 1 

• a = c ^ b if and only if /i (a, b, c) ~ W 2 W 3 

(3) a, b and c are distinct if and only if p, (a, &, c) ~ W2W3X-ai (1) 

Remark 4.1. The proof of this lemma relies on the use of Mobius transformations. As (F) = 
(GF 2 X GL 2 X GF 2 )° (F) we have a natural map 

(GF 2 X GL 2 X GL 2 )° (F) 4 Pe (f) \He (f) 
m I—>■ Pe (F) W 2 rn. 

We also note that W 2 {Me (F) H Be (F)) W 2 C Pe (F) and hence this map factors through 

(Fo X Fo X Fo)° (F) \ (GF 2 X GF 2 x GF 2 )° (f) , 

where Fq denotes the Borel subgroup of GF 2 ■ This quotient admits an action of GL 2 from the right 
diagonally. On the other hand, M = GL 2 acts from the right on Pe (F) \F[e (F). The map T 
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is evidently G'L 2 -equivariant. Namely, for any {mi,m 2 ,m 3 ) G {GL 2 x GL 2 x GL 2 )° {F) and any 
m G GL 2 {F) it holds that 

T {{mi,m 2 ,m 3 ) -m) = T {{mi,m 2 ,m 3 )) ■ m 

Recall that due to the Bruhat decomposition, {Bq (F) \GL 2 {F)) = {F). This identification 

can be realized as follows 

Hence, the right action of M {F) on Pe (F) \F[e (F) is induced from the action of GL 2 (F) on triples 
of points in (F) . In particular, using this projective coordinates, we note that 'W 2 W 1 = T (0, 00, 00), 
W 2 W 3 = T (oo,0, 00), W 2 WA = T (oo,oo,0) and W 2 W 3 X-ai ( 1 ) = T (1,0, 00). As for the trivial orbit, 1 
is not in the image of T but 1 ~ T (cjo, 00, 00). 

Furthermore, the orbits of GL 2 (F) in (F) x P^ (F) x P^ (F) correspond to the items in 
Lemma Namely, (P^ (F) x P^ (F) x P^ (^)) IGL 2 (F) is given by: 

(1) {(a, a, a) : a e P^ (F)}. ^ 

(2) • {(a, a, c) : a, c € P^ (F) distinct}. 

• {{a,b,b) : a,b gF^ {F) distinct}. 

• {(a, 6 , a) : a, & G P^ (F) distinct}. 

(3) {(a, 6 , c) : a, 6 , c G P^ (F) distinct}. 

In fact, the lemma proves that there is a natural bijection 

(4.1) {Bo xBoX Bo)° (F) \ {GL 2 x GL 2 x GF 2 )° (F) /GL 2 (F) ^ Pe (F) \He (F) /G (F) . 

Proof. (1) In this case /i {a, a, a) = W 2 WiW 3 W 4 Xa {a) G G 2 (F) and hence /i (a, a, a) ~ 1. 

(2) We prove for example that ^ {a, a, c) ~ W 2 W 4 for a ^ c. In this case, let 

m {a, a, c) = Xa {—a) (« — c) Xa (1) G M (F) C G (F). 


One checks that 

and hence 
(3) Let 

^a.&,c = Q^ {b- a)f3'^ i 


{a, a, c) m {a, a, c) {W 2 W 4 ) ^ G Be (F) C Pe (F) 
/r (a, a, c) ^ W 2 W 4 . 


{a - b)^ 


{a — c) {b — c) I \ (c — a) {b — c) 


{a-b) 


WaXa 


(q-c) 

{a-b) 


GM(F)cG(F). 


One checks that 


hence 


H {a, b, c) ma,b,c {w 2 W 3 X-a^ (1)) ^ G Be (f) C Pe (F) , 


H{a,h,c) W2W3X-a,_{l) ■ 


Since Lemma l4.1l gives a list of representatives of orbits, the other direction follows immedi¬ 
ately. 

□ 


For the rest of the paper we fix a triple (a, b, c) as in (CT) and write he = H c). 
Corollary 4.1. StabQ(--p^ (Fg (F) he) = '73a+2/3 • kerb's. 
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Proof. Recall from [12] that it's is given by 

^<8 (M(ri,r2,r3,r4,r5)) = V'(t’2 Prs) ■ 

and note that 

Stab(5^;p^ {Pe {F) W2W3X-ai (1)) = T3a+2P ' kerb's- 
We also note th at ke r it's and keriliE define algebraic groups over F. 


From Lemma l4. 2 

and hence 


Pe {F) W2W3X-ai ( 1 ) = Pe {F) flEma,b,c 


Stabg(y) {Pe (F) ^e) = Wa.h.c Stab^.^-^^ {Pe {F) W2W3X-a^ (1)) 
On the other hand, 

{u) = 5's 

and hence 

ker (ker 4's) ma,b,c- 

Also, T3„+2/3 = -Z (M) and hence m~l fr 3 a+ 2 pma,b,c = '73a-H2/3- 


□ 


We now move to describing the G (F) orbits in Xe (F). Given /r G FIe (F) C He (F) we have a 
short exact sequence 

{1} —>• Stabg,^^^ (/x) —>■ G 2 (F) —>• Pe {F) ^G (F) —>■ {1} 

Denote by the G-orbit of Pe {F) fj, G Xe {F). We then have ([2 II.4.7]) a long exact sequence in 
the cohomology 


{ 1 } 


■ Stab, 


g(f; 




■ G 2 (F) 


H 


■X^F) 


(r^;, Stabg(^) (/x)) -- Ri (Fb, G2 (F))-- Ri (Fij,X^ (f)) 


In particular, there is a bijection (of sets) 

X^ (F) /G 2 (F) ^ Ker [R^ (F^;, StabG(E) {^^)) ^ (F.^, G 2 (F))] . 

Since G 2 is a split and reductive algebraic group, then according to [T3 §8] it holds that R^ (F^, G 2 (F)) = 

{1} and hence (F) /G 2 (F) is parametrized by R^ (F^;, StabG(i7’) (/x))- 

Theorem 4.1. The G {F)-orbits in Pe (F) \He (F) are 

(1) E = F X F X F: Pe (F), Pe (F) W 2 W 1 , Pe (F) W 2 W 3 , Pe (F) W 2 W 4 and Pe (F) W 2 WiW 3 W 4 Xai (1) Xa^ (-1). 

(2) E = FxK,K = F[9] a field: Pe (F), Pe (F) W 2 W 1 and Pe (F) W 2 'WiW 3 W 4 Xa 3 (0) Xa^ (0‘^)- 

(3) E = E [9] a field: Pe (F) and Pe (F) W 2 'WiW 3 W 4 Xax (9) x^^ {9'^) Xc^ ■ 

Proof. (I) This is exactly Lemma I fiI combined with Lemma Ipjl . 

(2) We start by noting that Pe (F), Pe (F) W 2 W 4 and Pe (F) W 2 WiW 3 W 4 Xai (9) Xa^ {9'^) are the 
only G (F)-orbits in Pe (F) \He (F) that intersects He (F), we need only show that for these 
/x-s, Pe (F) fj. is one G (F)-orbit. 
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• /I = 1 : In this case, Stabc i^J■) = P and we have a short exact sequence 

{1} ^ P ^ M ^ {1} . 

(Fb, 17 (F)) = {1} since U is unipotent and (F^;, M (F)) = {1} due to Hilbert 90’ 
and thus (Te, P (F)) = {!}. Hence Xi (F) /G 2 (F) = {!}. 

• /I = W 2 W 1 : In this case, Stabc {PEtJ^) = L ■ R and we have a short exact sequence 

{ 1 } ^ F Stabc (Fe/i) ^ F ^ { 1 } . 

H^ (FE, R (F)) = {1} since R is unipotent and H^ (Fe, L (F)) = {1} due to Hilbert 90’ 
and thus H^ (Fe, StabG(E) (Pe (F) ^J-)) = {!}■ Hence (F) /G 2 (F) = {Fe (F) h}. 

• = Pe (F) W 2 Wiw^WiXa^ (9) Xa 4 (9^)'- In this case, Stabc (,PE^J^) = T?,a+2i3 ■ kerdiE and 
we have a short exact sequence 

{1} ker d/E Stabc {PE^P) T^a+ 2 p {1} • 

H^ (Fe, (ker ikE) (F)) = {1} since ker i^e is unipotent and H^ (Fe, T^a+ 2 p (F)) = {1} due 
to Hilbert 90’ and thus H^ (FE,StabG(E) (Fe (F) /r)) = {!}. Hence (F) /G 2 (F) = 

. 

(3) This case is proven similarly. 

□ 


Remark 4.2. We recall that for ^ G PIe (F) 

StabG(E) (Fe (F) /r) = Stab^^-^) (Fe (F) n G (F) . 

Corollary 4.2. (1) It holds that StabG(E) (Fe (F)) = F (F). 

( 2 ) It holds that StabG(E) {Pe (F) W 2 W 1 ) = Stabg,^-p^ {Pe (F) W 2 W 3 ) = StabG(E) {Pe (F) W 2 W 4 ) = 
L ■ R if applicable. 

(3) It holds that StabG(E) (Fe (F) p-e) = T 3 a +20 ■ ker d^E • 


5. Unfolding of the Zeta Integral 


In this section we prove Theorem l3.2l . We also denote by Np the unipotent radical of the Borel 
subgroup F n F of F. 


Proof of Theorem \3.2 . For 9Ie (s) >> 0 it holds that 

—r —7 (x, s, (/5,/) = / <p{g)£E{x,s,f,g)dg 

3e{x,s) J 

G(F)\G(A) 

= f p{9) ^'^ 9 ) dg 

G{F)\G(A) 1(^Pe{F)\He{F) 

= Ie{pJs), 

EePE{F)\HEiF)/G{F) 

Ie{pJs)= j (p{g) fs{gg)dg. 

G'‘(F)\G(A) 

We now show that {p, fs) = 0 unless /i is a representative of the open orbit. 


where 
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(1) li fj, = 1 then: In this case 

j ^{g)dg 


P{F)\G{A) 


fs (<?) 


M{F)U{A)\GiF) 


J <f (ug) du = 0, 

V7(F)\C/(A) 


since ip is cuspidal. 

(2) li g G {w 2 Wi,W 2 W 3 ,W 2 W 4 } then: In this case, 


4 i^Js)= J p (g) fs (gg) dg 

( 


L(FyR{F)\G{A) 


fs (pg) 


L{F)-R{A)\G{A) 
We recall from m Theorem 5] that 


J p (rg) dr dg. 

\r(F)\R{A) 


/ p (rg) dr= ^ {p) {vg ), 

R{F)\R{A) vGNp{F)\L{F) 

where {p) is the standard Whittaker coefficient of p. We then have 
4 (.P, fs) = / I XI j dg 


L(F).R(A)\G(A) 


^eNfiiF)\L{F) 

( 


fs {pg) {p) {vg) 


Nfi{A).R{A)\G{A) 


J ip (n) dn j di; = 0. 

\Nfi{F)\Nfi{A) 


(3) If /i = pe then: Fix p = pE to be the representative of the open orbit as in Theorem l4.lL Also 
let TA = T 3 q,+ 2/3 and = kerif^; so that Stabc {Pep) = TA-JJ^. It holds that 


J fs {pg) 

f ) 

/ P{ug)du 

'‘(A)\G(A) 

\[/''(F)\I7'‘(A) / 


We now expand the function given by the inner integral along the 1-dimensional subgroup 
generated by the root 3a+l3. Using cuspidality, we collapse the sum with the outer integration, 
and conclude that the above equals 

/ \ 

ItJ.i^Js)= j fs{pg) J p{ug)'liE{u)du\dg. 

(7^(A)\G(A) \U{F)\U{A) J 
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Since U = U^ ■ Usa+p we have 

/ 


C/(A)\G(A) 


j J (p{ug)'iiE{u)du\ ij fs{p,X 3 a+p(.r)g)ip{r)dr\ dg. 


\j{F)\U{A) 


□ 


6. Unramified Computation 


In this section we describe the unramified computation and recall some results from |12) . We postpone 
some of the more involved calculations to the appendices. For this section and the appendices we fix 
a place v ^ S and drop v from all of the notations, i.e. we assume F’ to be a local non-Archimedean 
field, E an unramified Galois etale cubic algebra over F, tt an irreducible unramified representation 
of G (F) etc. We fix on G (F) the unique Haar measure A such that A (K) = 1, where K = G (O). 

Recall the Satake isomorphism between the spherical Hecke algebra H — H (G, K) and the Grothen- 
dick ring Rep (^G) described in m- Denote by Aj G R the elements corresponding to Sym^ (st) 
under the Satake isomorphism. In particular, for any unramified representation tt and a spherical 
vector Vo G tt it holds that 

(6.1) f Aj (g) TT (g) vq dg = Tr {Sym^ (st) (U)) wq, 

G{F) 

where U is the Satake parameter of tt. 

For any such tt, the Satake isomorphism induces an algebra homomorphism 

n^c 


f 


where 


/(tt) 


is given by 


f ig) (g) Vo dg = / (tt) Vq. 


G(F) 


In particular, for any /i, /2 GR it holds that /i * /2 = /i ' /2- The homomorphism f ^ f {f) can be 
extended linearly to a map of formal power series R [[T]] ^ C [[T]]. Let T = q~^. 


Proposition 6.1. For any finite order character x of F, there exists a generating function ^ G 
R uniformly converging on a right half plane, such that for any unramified representation tt 

with a spherical vector vq and any functional I on tt, it holds that 

( 6 . 2 ) / A^^s{g)A{Tr{g)vo)dg^£{s,F,x,st)^{vo) 

GIF) 

for (s) ^ 0. 


Proof. We have Poincare’s identity 


£(s,7r,x,st) = 


n 


det(l-g-"st(UKix)) "x(^^7)st(U).^ 

7 / oo \ oo 


■ks 


i—1 \k—0 
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Plugging equation (| 6 .lh in the above equality yields 


/ 


>C(s,7r,x,st) A(i;o) = A 


/ 


E 

k^O 


J M ( 5 ) TT {g) vodg (ro) q 


\g{F) 


In [12] we prove that this double integral is absolutely convergent (note that y is unitary) for IHe (s) ^ 0 
and hence one can change the order of summation and integration. The assertion then follows for 




— ks 




□ 


Furthermore, for any complex character i]/ of 17 (F) and any I £ Hom( 7 (ir) ( 7 r,C^) it holds that 

(6.3) £(s,7r,x,st) A(?;o) = J A (tt (g) uq) (g) dg. 

U{F)\GiF) 


Thus, in order to prove Theorem |T3| it is enough to prove 
(6.4) 


A^-A9) = F*{'i’E,X,9,s) VffeG(F). 


We now reduce the proof of equation Jell to the case of y = 1. For a given unitary character y of 
and s £ C we denote 

As (t) =x{t) ■ 

In appendix lA.il we prove the following result. 

Proposition 6.2. For g = (ti) (dF ( 12 ) Xa id) £ M (F), let 

1 , 


ai = 


+ d, 


+ d 



+ d 



+ d 

+ d 

^ - 1 

A 

+ d, 

+ d 

A 

+ d. 

+ d 


< 1 


> 1 


Also denote a = ^^010203 £ F. It holds that 


Fi'^E,X,9,s) = 


0 , 




|o;|^ > 1 


< 1 


— ks 


It is clear that the power series of F* e, X 7 9^ ■^) respect toq ® is of the form J2 ^kX^ (^) 9 

where the coefficients Bk G Ti are independent of %. Hence, in order to prove equation (El , it is 
enough to prove that 


(6.5) 


AlU9) = F*i^E,l,9,s) V5£G(F). 


We therefore devote the rest of this section and the appendices to prove this equality and drop y from 
all notations. 


Remark 6.1. Since Af® ( 5 ) ,F* (iE'b,^, s) £ A4 if, it suffices to prove the equality for g £ M (F) n 
B{F). 
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While the right hand side of equation (16.51 1 is given explicitly, we do not have an explicit formula 
for the generating function A (g,s). In [12] we introduced a way to overcome this difficulty. 

Recall the Cartan decomposition G = KT~^K, where 

T+ = {tGT: |7(t)| < 1 Vy e $+} . 

Let Dg € H [[9~®]] be the bi-if-invariant defined on r+ by 

= \/tGT+. 

The functions D and A are closely related as can be seen from the following proposition [H Propo¬ 
sition 7.1 and 7.2]. 

Proposition 6.3. There exists Pg G TL [ 9 “®] and sq € K such that for IHes > sq it holds that 


Ds = * Pg 


More precisely 

( 6 . 6 ) 

where 


P( 


P. = 




C (s + 1) C (s + I) C (s + ^) 


^0 (2) - -7 + -y + 


1 


+ 1-h Z -|- 1, Pi (z) — — 

q \q J q 


q \q q, 

Furthermore, there exists sq such that for any Die (s) > sq and f G if f * Ps =0 then / = 0. 

Remark 6.2. Recall from [11] that Aq = \k and Ai = q~^ ■ 

Remark 6.3. Since the Fourier transform is a map of 77-modules, it holds that 

D^e = * Pg 

Corollary 6.1. Is.ti follows from 

(6.7) =F*iM!E,;s)*Pg. 

In order to prove equation (6/7) we compute explicitly both sides in appendix IaI and appendix @- 
The method is similar to that of the split case but while more delicate issues arise in the computation. 

Remark 6.4. equation (l6.7l l is proved in the split case in [12] for as described there. It can then 
be deduced for '^’fxFxf by coniugati on w ith ma,b,c given in section^. Hence, we devote appendix I aI 
and appendix @ to proving equation (Ih.Tl l assuming that E is non-split. 


7. Ramified Computation 


In this section we prove Theorem 3.4. The proof of is similar to that of m and we include it for the 
convenience of the reader. 


Proof of Theorem, \S.A . Let /r = 11 e- Recall from Theorem l3.2l that 

ds {x,s,A>e,TsJs) = j {ip){g)F* {■^e,X,9,s) dg = jE{x,s) j Lii,^ {tp) {g) fg (gEg) dg . 


Us\Gs 


Uf\Gs 


We denote by Xs the extension of (y o detM®) IdetM® | ^ to P trivial on U. For g G (F,,) we have 

Xs"" (5) = Xs {g-EPtlE^) . 
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Since ^ generates the open double coset in He, there is an inclusion 

i . Xs ^ ^^^Pe(Fs) as 

defined by i{fs) {pfJ^Eg) = Xs {p) fs {g) and i {fs) vanishes on all other double cosets P {Fs) p'G (Fs). 
For any ips & S (Fs) define an action of (j)s on tt by 


(j)s*(f= (j)s (r) TTs {X 2 a+p {r)) tp dr 
Jfs 


It is easy to see that 

L'S’e (tTS (^3a+2/3 (t)) ((/)S * P)) = (t) i'^S (^3a+2/3 (t)) p) ■ 

where (j)s is a Fourier transform of (ps- 
Let us write 


Js{s,p)= J L,i,^ {(f) {h3a+2p {t)) Ps {h3a+2P {t))d'^t. 


Lemma 7.1. For any sq G C and any ip € tt such that 7 ^ 0 there exists 4>s & S {Fs) such 

that Js (s, 4>s * p) ^ ^ around sg- 

Proof. One has 

/ Lxi,j^{4>S*p){h3a+2p{t))ps{h3a+20{t))d^t= / $S (t) L'f e ip) id3a+2P (t)) Ps {h3a+20 (t)) d'^ t. 


Since the image of Fg inside Fs is locally closed we may choose (fs such that (fs is supported on a 
relatively compact neighborhood of 1 G Fg . Choose (fs such that the support of (fs is sufficiently 
small to ensure the non-vanishing of Js {s,(fs * p) around sq. □ 


Consider the decomposition 

Gs = G^g-T^-U^S-Ks, T^={xp{t):t€k^}, U^s = {n) Xc^+fs {r 2 ) ■■ r^ € ks} 

For any Schwarz function on (T“ • [7° ■ K)g define fs ($s) G indg®E Xs® by 

fs (d>s) {g^g) = Xs (ff^) (g) G G^, g G (T^ • ■ K)g . 

Then for any G tt it holds that 

(7.1) ds (x, s, 4'e, ps,f ($) J = Js {s, * p) 

By the Dixmier-Malliavin theorem [6] there exists a Schwarz function on {T^^ ■ U‘^ ■ K)g and 
ip £ TT such that ($s * ip) ^ 0. Then for any (fs £ S (ks) 


ds ix, s, 'i'E, (fs * PS, f i^s)) = Js {s, (fs*{^* p)) ■ 

By lemma [7T] there exists a Schwarz function (fs £ S {ks) such that ds {x, s, 
is an entire function and does not vanish in a neighborhood of sq- 


'SE,(fs * PS,fs ($s)) 
□ 
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AVNER SEGAL 


8. Application: 0-lift for {G 2 ,Se) 


For this section let E he a Galois cubic etale algebra over F. We let xe be the finite order Hecke 
character associated to E/F by class field theory. Fix 


ue 


2, E = F X F X F 
1 , otherwise 


For any etale cubic algebra E over F and the choice of Chevalley-Steinberg system as in 
defines a splitting of the exact sequence 


section 0 


{1} —^ ^ Ant (He) —>■ Se {1} ■ 


We can then form the semidirect product He x Se- The centralizer of Se in He is isomorphic to G, 
this gives rise to a dual reductive pair 


G X Se ^ He x Se- 

We denote the associated 0-lift by 0Sg. It was shown in [8] that if a cuspidal representation tt of 
G lies in the cuspidal image of the 0-lift from Se then it supports the 'k_E-Fourier coefficient and 
{s,Tr,XE,st) admits a pole of order ue at s = 2. In order to prove the converse, we recall [U 
Proposition 5.1]. 


Proposition 8.1. For any standard section fs, the Eisenstein series £ (xe-, fs, s, g) has at most a 
pole of order ue at s = ^- A pole of order ue is attained- Moreover, the space of automorphic forms 

£*E{xE,s,fs,g) 

is an irreducible square-integrable automorphic representation isomorphic to the minimal representa¬ 
tion IIb of He- 



Theorem 8.1. The following are equivalent 

(1) TT supports the "^E- Fourier coefficient and {s,Tr,XE,st) admits a pole at s = 2 oforderuE- 

(2) 0s, W ^0. 

Proof. As noted above, it remains to prove th at ( 1) implies (2). Assume that {s,Tr,XE,st) admits 
a pole of order n e- According to Theorem l3.ll . this implies that ther e ex ist / and (p such that 
(X; s, <p, f) admits a pole of order ue- Taking the residue at equation Q implies the assertion. 

□ 


Remark 8.1. In fact, in an ongoing project I proved that if C (s, tt, XE,st) admits a pole at s = | of 
order ue then tt supports the 'I's;-Fourier coefiicient and so one may drop this from the assumption 
in (1). 


Appendices 

Appendix A. Computing F* ('!'( ) 

A.l. Computing F* ('I's;, y, •, s). In this subsection we prove Proposition I6.2L 
Remark A.l. For a triple r = (ri, ra, r^) we write Xa (r) = Xa^ (ri) Xa^ (r^) Xa^ (r 4 ). 
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Proof of Provosition ,Using left (Pe, Xs)“iiivariance and right it'-invariance we have 
F* (^'e,x,5)S) = j fsiwpWaXa (c) Xsa+iB (r) a'^ (ti)/3^ it 2 )xa {d)) ^|; {r) dr = 

F 

= Xs J fs (^wpxp Fd^^ip (r) dr. 


We continue to consider this integral case-by-case. 


Case I: Assume that 


|i-a + d 


*^b + d 


+ d 


< 1 . 


In this case we have 


h 


F* X, ff, s) = Xs 3 fs{ wpxp -gT- W' (»') dr. 


Denote a = -^. We split the integral in two 


fs (^wpxi3 tp{r)dr = J fs (wj^xp 'tlj(r)dr + J fs(w/3Xp(^^'^'^'tlj{r)dr. 


F aO 

Considering the first integral yields 


fs{ 


WpXjj 


aO 


r) dr = / Ip (r) dr = 
aO 


F\aO 


Iq^Ie 5 Ic^Ie — ^ 

0 , |a|^ > 1 


while the second integral equals 


fs{ 


WpXp 


r) ar = 


[x-p 


F\aO 


I f.f 

F\aO 


F\aO 


= Xs{a) J Xs (J^'^ i’(r) dr. 


F\aO 


Since Xs is -invariant this equals 



II 

J- 

'—1 1 

OC 

zu^) J Ip (r) dr. 

F\aO P 

-l — val{a) 

\r\=qi 

Recall that 

. 1 

f 0, 

3 > 1 

/ tp (r) dr = i 


J = l- 

\r\=q^ 

[ 9 ^( 1 -?-' 

) , J < 0 









Inserting this to the previous expression yields 


/ (r) ^ = I 


0 , 

-Xs i.-^) 


\^\f ^ ^ 

|a|p. = 1 


F\aO 

Combining all of the above yields 


V 9 ) \^l-Xs(ro i)|ro|F J 


-Xsi'^), I^If < 1 


F*i^i>E,X,9,s)= { 


0 , 

Xs ih) (1 - Xs M) 


|q;|^ > 1 
|q;|^ = 1 


Xs (^) (^|a|F + Xs (a) (^(1-9 0 ) 


< 1 


Note that 





^ ^ ^ I^If +Xs (a) ( (l -9 - Xs M 1 1 = Xs ( ^ ) i {\a\F-Xs{Tua 


Xa{-^)q 


^2 \ (s + |i X) 

a) C{s +I,x) 


and hence we may conclude that 


F* {'Se,X,9,s)= I 


0 , 

Xs(t 2 ) 


XsC^) 




£(s+i.x)’ 


|q^If ^ 1 
|q^If ~ 1 




(I^If - Xs (t^a) q), 


*2 


< 1 


Case II: The case where 


|i-a + c? 


> 1 , 


^5 + d 


< 1 and 


-^c + d 


< 1 (or the cases 


equivalent to it) can not happen under (CT) for E non-split. 


Case III: Assume 


F d 


< 1 , 


*Fb + d 


> 1 and 


-^c + d 


> 1 (the cases equiva¬ 


lent to it follow similarly). We then have 

'ti,\ f , f ft2 


F* {'He, X, 9, s) = X^i j J Is [wpxp ^-ai + + (’’) dr = 

F 

= X, (I) Jf. - ^Jjyirtdr 

^c + d^, we then have as before 

//.Uw = + / x.(i)v.W*. 

F ^ \ \ b b / / / aO F\aO 

Repeating the evaluation of the first case yields the assertion. 


Denote « = 
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Case IV: Assume 


-^a + d 


> 1 , 




> 1 and 


|fc + d 


> 1. We then have 


F* {'^e,X,9,s) = X, 


fs ( wpxp ( -^r ) X-a ( + dj j V' (»’) dr = 


= X. 


Denote a = 



^2 


hi 



wpxp 


\ ' 


^2 . 


Nm I 


^ (||a + d) 


(||e + d) 

||c + It holds that 


(r+‘^)) 


■0 (r) dr, 


wpxp ^ Xa + d^ ^ 0 (r) dr = J ijj (r) dr + Xs (a) J Xs 0 {r) dr. 

aO F\aO 


Repeating the evaluation of the first case yield the assertion once again. 


□ 


As explained in section |^, in what follows we may assume that x = 1 • We now obtain a more 
explicit formula for F* 1 ,s). 

Corollary A.l. Let g = ha (ti) hp (^ 2 ) Xa (d). 

• E = F X K: For d = 0 it holds that 


F* ('h£;,l,5,s) = 


C(5s-1) I, ilOs-l I, |3-15s 
\tl\p 


C(5s-1) u I 1+ |5s-l 
C(5s) b2lF I'iIf 

and for d ^ O, it holds that 


1 - 
1 - 


5s-l 


t1-5s 


t2 


5s-l 


,l-5s 


< 1 


> 1 


C(5s-1) I, I 
C(5s) I^2 |f 

C(5^-l) 1 ^ |10s-l 


l-5s 


F*(vl/F,l,d,s)= J 


i3-15s 


1 - 
1 - 


dt-2 


5s-l 


^l-5s 




5s-l 


^l-5s 


dtj 

t 2 

dt\ 

t2 


< 1 & 


> 1 & 


dty, 

ii 



0, 

dt\ 

t2 

< 1& 
F 

dt2 

ti 



dt\ 

t2 

> 1& 
F 

t2 


< 1 


< 1 


> 1 
> 1 


E a field: For d = 0 it holds that 


F* (vI'f,1,5,s) = 


C(5s — 1 ) I, ilOs—1 I, |3 —15s 
C(5s) b2|F KiIf 

C(5s-1) ij. |2-5s ij^ |15s-3 f 
C(5s) b2|F KiIf ( 


1 - 
1 - 


J.3 

5s-l \ 


E 

„l-5s \ 

t2 

t2 

q > 

p J 


J.2 

5s-l \ 


^2 

„l-5s 1 

^2 


q ) 

7^ 


F J 



< 1 


> 1 
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and for d ^ O, it holds that 


F* {^E,i,g,s)= { V 


5s-l 


^l-5s 


d'^t't 


5s-l 


^l-5s 


0 , 


A.2. Computing F* (5'b, 1, •, s) * Pg (•)• We recall from section]^ that 

Po ^0 - Pi 


dtl 

t2 

< 1& 
F 

^2 

< 1 

F 

dtl 

t2 

> 1& 

F 

Ptl 

t2 

< 1 

F 

dtl 

< 1& 
F 

t'^ 

F" 

> 1 

F 

dtl 

t2 

> 1& 

F 

pti 

*2 

> 1 

F 


Pg = 


C(s + i)C(s + i)C(s + ^) 


As Aq = Ik and Ai = q ^ in order to compute F* ('h_E, 1, •, s) * Pg (•) we need 

only to compute F* ('I'e:, 1, •, s) * 1 klji(tx 7 )k- For any / € it holds that 


f *'^Kuji{vj)K {g) = j f{gh)dh 


KuJi {vj)K 


-f ( 57 ) ■ 

'-yG{KuJi{tu)K)/K 


Let g = ha {ti)hp { 12 ) Xa {d) and assume that ii d € O then d = 0 (we may do this do to right 
AT-invariance). Fixing the list of representatives of {KuJi (zn) K) jK obtained in [T^J Appendix A.3] 
we obtain 

(A.1) 

{F* (5'b, 1,-,s) * 1klji{u,)k) (g) =Fg (d)^ +q^Fg ((tufi, ^ 2 ) Xa (d)) + 


d — s 


^ ^ SeO/(TI7) ^ ^ 

q‘^Fg{{ti,zut2)xa{rA7d)) + q'^ Fg ({wti,wt2) Xa ( - - 

sGO/{zu) ^ \ '^ J J 

{GS i'i>E,g)) Fg Xa (d)) , 


where GS denotes the following Gaussian sum,-. 
(A.2) 


3^ 


GS{^E,g) = {,q-l) + q ^ ^Ei^gxpi^^'] g ^\+q ^ I — 

\ \ZD / J \ \ txJ VJ VO VJ 


r^O/{zo) 

r^O 


M/eO/(-ro) 

r^O 


^-1 


Lemma A.l. 


• E = F X K: For d = 0 it holds that 



'q^-1, < 1 & 

£i 

t2 

< 1 or 

t2 

F 

> 1 & 

GS(®£,s) = . 


*2 

F 

< 1 & 

+3 

11 

t2 

= 1 


q^-1. 

t2 

F 

''1 

> 1 & 

t^ 

_1 

t2 

= 1 
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and for d ^ O, it holds that 




dtl 

< I & 

dt 2 

ti 

< 1 or 

dtl 

■*7 

> I & 

d^l 

t 2 

GS{'i>E,9) = < 


dt^ 

^2 

< I & 

dt 2 

ii 

= 1 or 

dtf 

^2 

> I& 

d^tl 

*2 


^ 1 , 

dtl 

t 2 

< I & 

dt 2 

ti 

> 1 or 

dtl 

t 2 

> I & 

dHl 

t 2 


E a field: For d = 0 it holds that 


GS{^e,9) = 


and for d ^ O, it holds that 


\ g^-G 

t 2 

< I & 

t 2 

< 1 or 

t 2 

F 

> I & 

^2 

F 


t 2 

17 

< I & 

_1 

t 2 

= 1 or 

t 2 

F 

> I & 

^2 

F 




t 2 

F 

= 1 & 

^2 

F 

= I 



< 1 
= 1 . 
> 1 


< 1 
= 1 



^9^-1, 

dtl 

~ 

< I 

& 

t'^ 

^2 

F 

< 1 

or 

dtl 

t 2 

> 1 & 

d^tl 

t 2 

G5(d/£;,g) = 

- 1 . 

dtl 

*2 

< I 

& 

^2 

= 1 

or 

dtl 

*2 

> 1 & 

d^tl 

^2 


^9-1, 

dtl 

t 2 

< I 

& 

^2 

F 

> 1 

or 

dtl 

t 2 

> 1 & 

d?tl 

t 2 


< 1 
= 1 . 
> 1 


Proof. We prove this lemma only for the case where d = 0, the case d ^ O is proven in a similar way. 
The proof relies on the fact that 

{ 0, n < —1 
-1, n = -1 
O' — 1, n > 0 


We first deal with the first summand in equation (jA.2n 


reo/(t>7) 

r^O 


reo/(=7) 

r^O 


E = F X K: In this case Na,b,c = 0 due to (CT) and hence 

(^gxfi = q-l. 


r^O/(TX7) 

r^O 


• E a field: In this case Na^b,c G and hence 

Y (w 9~^ 

^' \ yzu / 


reo/(=7) 

rfo 


f9-l, 

^2 

F 

1 -'. 

^2 

F 


< 1 
= 1 


Here we assumed that 


< 1 in accordance with Remark B.2 
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We now compute the second summand in equation (jA^ 

-1 \ 



y^r y'^r yr r 


9 




-1 




i: 1: 


reO/C-ro) 

r^O 


E 

y€0/(zu) reO/('C!7) 

y^a r^O 


t/j 


h 

H 

w 


NE*4y^ + Ds^y^ + 

t-^ ti 12 


We first have 


E 

reo/(Tc) 




E' 

1^ 

II 

9-1, 

11 

t2 

ytu t2 J 


+ 3 
11 


t2 


< 1 
= 1 


Where we assumed that 


< 1 in accordance with Remark B.2. 


E = F X K: In this case Nay^c = 0. For y ^ 0 it then holds that 


ri 


::^[NE^y^ + DE~-^y^ + ~± 


^2 


' 


^2 


^2 


^\DE[^y] +1 


' 


t2 


t2 


< 1 
> 1 


and hence 


E 

reo/(=,) 

r^O 




• E a field: We further assume that 


ti' 


*2 


t2 


= 


< 7 - 1 , 

t2 

<-1 

< 1 & 

11 

t2 

< 1 


*2 

<'1 

> 1 & 

h. 

< 1 

- 1 , 

t2 

<-1 

< 1 & 

11 

t2 

= 1 


t2 

<-1 

> 1 & 


= 1 


< 


case Na,b,c G O. For y ^ 0 it then holds that 


< 1 in accordance with Remark B.2. In this 


E 

r^O / {-as) 

r^O 


^['-±[ ^E4y^ + DE^-f-y^ + r ) ) = 


^2 




^1 ' 


^2 




t2 

jy 


H- De 


ly) +1 


*2 


*2 


< I 
> I 


and hence 



+ De 


h 

isV 


+1 


= 


9-1, 

t2 

< 1& 

11 

t2 

< 1 


^2 

F 

> 1& 

^2 

F 

< 1 

-1, 

t2 

F 

< 1& 

11 

t2 

= 1 


t2 

F 

> 1& 

^2 

F 

= 1 


Combining all of the above yields the assertion. 


□ 
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We no w tur n to compute F* (y 1, •, s) * Ps ( ■) (q) . As this is computation boils down to inserting 
Corollarv lA.il and equation (lA.2l l into equation ( A.1 1 we compute this only for g = 1. 

Denote P = Pq and Q = Pi 

• E = F X K: In this case 


{F* {^E,;s)*Ps {■)){!) = 

Cf ('S + I) Ck + I) Cf (2^ + 1) 
Cf (s + f) Cf (s + 1 ) Cf (s + \) 




P - q-^Q q-^Q 
Cf (■s + I) Cf (s + i) I Cf (2s — 1) 


,-(-§) - 


Cf (s + I) 


E cubic Galois field extension of F: In this case 


(F* {^E,;s)*Ps {■)){!) = 

Cf (s + I) Cf (s + I) Cf (2s + I) 
Cf (s + I) Cf (s + I) Cf (s + 5) 


P - q^Q _ q ( q " " Cf (s + i) 
Cf(s + |) Cf(s + |) I Cf ( 2 s — 1 ) 


-q2-l 


Cf (s + I) Cf (s + 5) 


Appendix B. Computation of Df^ 


In this section we compute the dt^-Fourier coefficient of Dg- Since Theorem l3.3l was already proved 
when E = F X F X F, we restrict ourselves to the assumption that A is a non-split Galois etale cubic 
algebra over F. 


Theorem B.l. (g) = 0 unless g € UTK. If g = ha (ti) hjs (^ 2 ) it holds that 
• If Na,b,c = 0 then 




= I 

fF(s+i) ’ 

t 2 

0, 

£1 

t 2 

> 1 



< I 

, CF(®+i) CF(*+i) ’ 

t 2 


If Na.b,c G then 


(g) = 


Cf(s+|) fi^('*+i)' 

0 , 

0 , 


= 1 
> 1 
< 1 


Before performing a direct computation of (q) we make some preparations. We let SOr be 
the special orthogonal group that preserves the split symmetric form {Sij-i) viewed as a subgroup of 
GLt. We fix an embedding t : SO^ (F) ^ G (F) as in [13]. In particular, 
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For h = u (ri, r 2 , ra, r 4 , r^) ha{ti)hi 3 {t 2 )xa (d) it holds that 
(B.l) 


L{h) = 


1 

0 

r2 

rs 

to 

I’2J'3 + »’5 

2 

r2r4-r^ \ 

2 


h 


\ 


1 

d 

0 

0 

0 

0 

0 ' 

0 

1 

ri 

r2 

-rs 

rir^-r^ 

rir4—2r2r3 —rs 


h. 




0 

1 

0 

0 

0 

0 

0 

2 

2 

2 






0 

0 

1 

0 

0 

lA 

2 

I’4 

2 


+2 

II 

t2 




0 

0 

1 

-d 

d-^ 

2 

0 

0 

0 

0 

0 

1 

0 

-r2 

-rs 


1 




0 

0 

0 

1 

d 

0 

0 

0 

0 

0 

0 

1 

-ri 

-T2 


t2 




0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

1 

0 



t2 



0 

0 

0 

0 

0 

1 

-d 

.0 

0 

0 

0 

0 

0 

1 


\ 





0 

0 

0 

0 

0 

1 > 


/ 

The following results are simple to check and will be useful in what follows. 
Lemma B.l. The function T : G (F) —>■ K given by 

r(5) = max 

l<z j<7 

is a bi-K-invariant function and for t € T+ it satisfies 

rit) = \uj,{t)\~^. 

Thus, we may write D {g, s) = (g) where 

1, ro) = q'^ 

0, otherwise 

For any g € G define Uk (g) = {u G U : T{ug) < and let 

1, rig)<qf^ 


Dk (g) = 


Obviously 
and in particular 


Ek (g) = 

0, otherwise 
Dk (g) = Ek {g) - Ek-i (g) 

OO 

Df- {g, s)=J2 {Et^ (g) - (g)) 


Hence, in order to compnte (g) we compnte 


Ek^{g)=f 'fE{u)du. 

JUk(a) 


Uk(g) 

Lemma B.2. For ni,n 2 , ns G N with ni + n 2 > ns let 

Kini,n 2 ,n 3 ) := X{{x,y) € F'^ : \x\ < q^\ |2/| < \xy\ < q'^^} 

it holds that 

K (ni, n2, ns) := (l + (ni + n2 - ns) (l - , 

where X is the Haar measure on G such that X (K) = 1. 
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For ni, n 2 € N let 


\Zb!c) = A |(x,y) e : |x|, \y\, < 9"^| 


K 


(»^i) 

(a, 6 ,c) 


{q^-) = X\ix,y)€F^ :\x\ = \y\=q^ 


P< 


(a, 6 ,c) 


where 


P 


(o,&,c) \- 2'7 


^{a,b,c) F ^ 5 


.y. 

N , 


< q 


rii —712 <ieg{P(a,b,c)) 


{a,b^c)—0 


^{a,b,c) ^(a,b,c)^ H" 7 ^{a,b,c)GO^ 

Lemma B.3. If E is non-split then ^ = 0 and ^ (q) = 0. 

Lemma B.4. • If E = F x K then 

J 4’ {D(a,b,cF‘2 + dr 2 dr 3 = l- q. 


(ro-i C)X)2 


If E is a field then 


J 4 {N{a,b,c)^ + ^(a.&,c )?'2 + dr 2 drg = I - q. 


(ro-1 oxf 


• f if (x + y) dx dy =—1. 

k|,|y|,|a;i/|<9 

Remark B.l. The difference between the different types of etale cubic algebras boils down to the 
last two lemmas as the results for E split would be different. 

Lemma B.5. For g G G (F) assume that Ek (g) = 0 for any k n,n + 1. Then 

(g) = (Et^ (g) + s„+i ( 5 ) q-^-^) ■ 

Cf (s+ 2 ) ^ / 

Let g = haiti)hf3(t2)xa (d) = Xa (p) ha(ti)hi3it2), where P = 77 - Denote |ti| = g“”, |< 2 | = 9“™ 
and IpI = q\ we have u (ri, r 2 , ra, r 4 , rs) € Uk (g) if and only if 

1 < g'=+” 

1 , IpI < 

l,|ri|,|r2|<<7'=+2”-™ 

1 , IpI , ks -pr2 \, \r2 -pri\ < q'^ 

1 , IpI , \p^ \ , |2pr3 -p^r2 - ■r4| , | 2 pr 2 - rg -p^ri| < 

1 , kil, \r 2 \, ksl, \r 2 n+r^\, |rf - riraj < 

1 , IpI , |pri - r2|, |pr2 - raj, |pra - r4|, |r2r4 - - pr2ra - pr^\ < 

|rir 4 - 2x2X3 +prl - prirg - rg] < 
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B.l. Toral elements. In this section we consider the case oi g G UTK. Since G it is 

sufficient to consider g = ha(ti)hp{t 2 ). Let |ti| = and \t 2 \ = q~^. 

Remark B.2. From Lemma [2d] we have Df‘^ (g) = 0 unless 


(B.2) 




N{a,b,c) = 0 

N(^a,b,c) G 


Thus we may assume that \t 2 \ < |ti| < 1- 

Furthermore, Uk {g) = 0 unless k > n,m — n and we have u (ri,r 2 ,r^, r^, r^) G Uk (g) if and only if 
Iril, \r 2 \ , Iral, \r 1 r 3 - , |r2r3 + r^l < 

\r2\ , kal, k4|, |?^2r4 - rl\ , |rir4 - 2r2r3 -rsl < 

Remark B.3. As an analogue of [121 Lemma B.2], note that 


j 'i’E{u)du= j 


du, 


Ukig) 


Uk(g) 


where 

Uk (g) = {u {ri,r2, r3, r 4 , r^) G Uk (g) : \ri + L>(a.f,.c)»'2 - N(^a.,b,c)ri | < 9} ■ 

We now split the computation to two cases, A^(a,b,c) = 0 or N(^a,b,c) G . 


B.1.1. N(^a,b,c) = 0. 

Case of w < 2 n : We write 

z := rir4 - 2r2r3 - r^. 

In this case, u (ci, r2, r3, r4, r^) G Uk (g) if and only if 

ki|,ki^3-r2|,|rir4-r2r3| <9'=+"-’" 
k2|, ksl , |r4| , |r2r4 - r|| , jzj < 

• k = n: In this case , u (ri, r2,r3,r4, rs) € Uk (9) if and only if 

|ri| <9'”“'" 

k2|,k3|,|r4|,|z| < 1. 

Hence 

En"" (g) = [ dr I f Ip (r4 + D(^a,b,c)r2) dr2 dr 3 dr 4 dz = 

^m-2n Q 04 

• fc = n + 1: In this case , u {ri,r2,r3, r4, r^) G Uk (9) if and only if 

|ri|,|rir3|,|rir4|<9'"-"^+' 

^2] , ksl , |r4| , |r2r4 - r|| , jzj < 9. 

Note that since |r2|, |r3|, |r4|, |r2r4 - r§| , jzj < 9, if |r3| = q then also |r2| = |r4| = 9. 
^ kal, k4| < 1: In this case, u (ri, r2, r3, r4, rs) G Uk (9) if and only if 

kil < 

k2|,kl <9- 
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— ksl < 1, ^4! = Q- In this case, w (ri, r2, ra,r4, r5) e Uk (g) if and only if 

kil 

1^2! < 1 

\z\<q- 

~ ksl = Q- In this case, u (ri, r2, rs, r 4 ,rs) S Uk (g) if and only if 

kil 

\r2\ , \r2r4 -rl\,\z\< q. 

We make a change of variables 

X = r2r4 — Tg 

and then u (ri,r2,r3,r4,r5) G Uk (5) if and only if 

kii << 7 ^"-™ 

\x\ ,\z\ < q. 

In conclusion, 

(5) J i) (r 4 ) dr 4 J i) (£>(a,6.c)?'2) dr2+ 

O ro-i o 

^ 2 n-m+l f ^ (^D(a,bxV 2 ) d ?’2 f ^ (r 4 )dr 4 + 

O ro-lox 

J ^ (D^aAc)r2 + dr2 dr^ = -g 2 "—+2 

(ro-i C)x)2 

• fc > n + 1 : In this case , u (ri, r2, ra, r4, r^) € Uk (g) if and only if 

ki|, jrira - r|| , |rir4 - r2r3| < 

\r 2 \, kal , |r 4 | , |r 2 r 4 - r|| , | 2 :| < 

We make a change of variables 

a; = r4 + £>(a,b,c)»’2 

So that M (ci, r2, ra, r4, rs) G Uk (g) if and only if 

kl < q 

\ri\,\r1r3 - rl\ , |ri (a; - D(a,b,c)r2) -r2ra| < 
k 2 |,k 3 iy 2 (a;-£>(a.&,c)’'2) -rl\Az\ <y"”. 

“ kl, |r2| < 1 : In this case, u (ri, r2,ra,r4,ra) G Uk (5) if and only if 

|ri|,|rira|<g'=+"-"^ 

ksl < q^ 

ki < y””. 
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— |x| < 1,1 < |r2| < g 2 : In this case, u (ri, r2, rs, r4, r^) € Uk (g) if and only if 

kir 2 |,|rir 3 | 

ksl < 

|z| < 

— |x| < l,q^^ < \r2\ < In this case, m (t"!,^ 2,ra, r4, rs) G Uk (g) if and only if 

\ri\, \r1r3 - r|| , \D(^a,b,c)rir2 + r2r3\ < 
\r 3 \,^b,c)rl+rl\,\z\<q'^-^. 

We make a change of variables 

y = D(^a,b,c)T'ir2 + r2r3 

and then u (ri, r2, ra, r4, rs) G Uk (g) if and only if 

\y\ < 9 "+”-™ 

ksl = \r2\ 

\D(a,b,c)rl +r^| , 1^1 < g'""”. 

— |x| = q,\x — D(^a,b,c)'>'2\ < 1 : In this case, u (ri, r2, rs, r4,rs) G Uk (g) if and only if 

IriMriral <<7'=+”-’” 

I I k — n 

ksl < q " 
kl < 

— |a;| = q,\x - £)(a,b.c)?’2| = q- In this case, u (ri,r2, rs, r4, rs) G Uk (g) if and only if 

kl| < qk+n-m-l 

Iriral < 
ksl < q^ 

|z| < q^--. 

— \x\ = q, q < \r2\ < q^~ : In this case, m (ri, r2, rs, r4, rs) G Uk (5) if and only if 

kir 2 |,|rir 3 | <(7'=+"-™ 

ksl < q~ 

|z| < 

— |x| = q,q^^ < |r2| < In this case, u (ri,r2, ra, r4, rs) G Uk (g) if and only if 

ki|, \r1r3 - r^l , |ri (a; - D(^a,b,c)r2) - ^2^31 < g'=+”“’” 

ksl = \r2\ 

\D^aMrl+rl\,\z\<q'^-U 
We make a change of variables 

y = ri{x- D(a,b,c)r2) - r2r3 
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and then u (ri, r2, rs, r4,rs) € Uk {g) if and only if 

\y\ < 

kal = \r2\ 

\D^aAc)rl+rl\,\z\<q'^-^- 

— |a;| = q, \r2\ = 9*“": In this case, m (ti, r2,ra, r4, rs) G Uk (g) if and only if 

kil, \r1r3 -r2\,\ri(x- D(^a,b,c)r2) - r 2 r 3 \ < <7'=+”“’” 
k2|, kal, |r2 {x - D(^a,b,c)r2) -rl\,\z\ < . 


We make a change of variables 


y = ri{x- D(a,b,c)r2) - r2r3 

, X 


(a,6,c) 

Note that [ral = It holds that u (ci, r2, ra, r4, rs) G Uk (g) if and only if 

|y| < 

k3l = KI 


D{a,b,c) {r 2 f +rl ,|z| < q 


k—n 


Denote I = it holds that 


_ / ' _ 

{g) = q^ \ nik + n — m,l,k + n — m) + < 7^1 — <7 K{k + n — m — j,l,k + n — m) 

\ ^=1 

k—n \ 

_l_^fc+n-m ^ (q^) 1 - {K{k + n - m,l,k + n - m) + 

3=1+1 ’ ’ / 


E 

3=1 


q^ (1 — q K {k + n — m — j, I, k + n — m) + q 


fc+n—m 


k—n 

E 

7=i+l 


dllli”’ (t’) I = 0- 


Case of m = 2 n: We write 


2 := +2+3 + rs 

In this case, m (ci, r 2 ,ra,r 4 ,ra) G Uk{g) if and only if 

ki|, \r2\ , |ra|, |r4|, |2;|, jnra - r|| , |r2r4 - r|| , |rir4 - r2ra| < q^~'^ 

We compute ( 77 ) for different values of k. 

• k = n: In this case , m (ci, r 2 ,ra,r 4 , rs) G Uk (g) if and only if 

|D|,|r2|,|r4|,|x|,|z| < 1. 


(.9) = J Ip (^4 + D{a,b,c)r2) dl'l ^1^2 dvs dv^ dz 


= I. 


05 


and hence 
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• k = n + 1 : In this case, u (ri, r2, ra, r4, r^) S Uk (g) if and only if 

\ri\, \r2\, Iral, |r4|, |2:|, jrira - rl\ , |r2r4 - rl\ , |rir4 - r2r3| < q. 

Note that from [rira — , |r2r4 — r|| < <? it follows that |r2| = g if and only if jraj = q, in 

which case |ri| = |r4| = q also. 

- ^2!, ksl < 1 : In this case, m (ri, r2, rs, r4, rs) G Uk {g) if and only if 

ki| . k4| , k|, |rir4| < q. 

1^2!, ksl = q- In this case, u (ri, r2, ra, r4, rs) G Uk (g) if and only if 

|ri|, |r4|, |z|, |rira - r|| , |r2r4 - , |rir4 - r2r3| < q. 

We make change of variables 

X = rira - 

y = r 4 r 2 - rl- 

and hence u {ri,r2, ra, r4, rs) G Uk (g) if and only if 

\x\,\y\,\z\ < q 

The other inequalities are satisfied immediately. 

In conclusion, we have 

E^+i (g) = J dz J dr2 dr3 J tp (r4) dri dr4+ 

•07“ 1 O \ri\,\r4\,\rir4\<q 

+ j i. j ir, j j j = 

ro-iO ro-iC>x ro-iOX ro-i O ro”! O 

= q{q-l)+ j (^{a,b,c)r2 + dr2 drs j ip dy = 0. 

(ro-iC>x)2 ro-i O 

• fc > n + 1 : In this case, u (ri, r2, ra, r4, rs) G Uk (g) if and only if 

ki|, \r2\, Iral, \r4 \, \z\, \r1r3 - , \r2r4 - rl\ , \r1r4 - r2r3\ < 

We make a change of variables 

X = r 4 + T>(o.&,c) 4 ' 2 - 

We then have u {ri,r2, rs, r4, rs) G Uk (g) if and only if 

\x\ < q 

ki|, \r2\, kal, 1^1, [rira , |r2 (x - D(a,b,c)Tz) - 'rl\ , |ri (x - £>(a.b.c)?'2) - r 2 r 3 \ < 

- |x|, |r2| < 1 : In this case, u (xi, r2,ra,r4,rs) G Uk (5) if and only if 

I I k — n 

Iral < q = 

|ri|,|rir 3 |,k|<( 7 '=-". 

- |x| < 1,1 < |r2| < q^^: In this case, u (ri, r2, ra, r4, rs) G Uk (g) if and only if 

kal < q^ 

\z\,\rir 2 \,\r 4 r 3 \<q^-^. 
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— |x| < < |r2| < In this case, u (ri, r2, rs, r4, rs) G Uk (g) if and only if 

In I, Iral, |z|, jrirs - rl \ , |£>(a,6,c)?'i + rl \ , | (£'(o,&,c)?’i + n) nj < 

Note that from \D(^a,b,c)'>'2 +^11 — (?*“" it follows that |r2| = Iraj. We make a change of 
variables 

y = {D(a,b,c)ri + rs) ra 
to have u (ri, r2, ra, r4, r^) € Uk (g) if and only if 

Ini = Ini 

\y\, 1 ^ 1 , \D(a,b,c)rl + rl\ < 

— |x| = q,\x — -D(a,b,c)n| < 1 : In this case |r2| < q < We have u (ri, r2, ra, r4, rs) € 

Uk (g) if and only if 

Ini < q " 

InhkMnnI < 9 "-”. 

— |a;| = q,\x — -D(a,b,c)n| = q- In this case |r2| < q < q^~'^. We have u (ri, r2, n, n, n) € 
Uk (g) if and only if 

\n\<q’^-^-^ 

Ini < q^ 
kl.lnnl 

— \x\ = q, q < |r2| < q^^ < Note that in this case (if it happens) \x — £>(a,b,c)n| = 

|r2| and hence u (ri, r2, ni njn) € Uk (g) if and only if 

Ini < q^ 

kl, Inra I, |rir2 1 

— |a;| = q,q^^ < \r2\ < In this case, u (ri,r2, n, n, n) G Uk (g) if and only if 

|n|, |n|, 1 ^ 1 , Inn -rl\, |ll(a,b.c)?’2 + ^’al > In G “ U'(a,b,c)r2) - nn| < 

Note that here |ri| = |r2| = |n| since |rin ~ ^il ; |l^(a,b,c)^2 + ’"H ^ gfe-n < 

|r2|. We make a change of variables 

y = ri{x- D(a,b,c)r2) - nn 

and thenw (ri, r2, nin, "Ca) G Uk (g) if and only if 

In I = Ini 

|y| . \z\ , |■D(a,b.c )^’2 +’’11 < 

— |a;| = q, |r2| = g*”": In this case, m (ri,r2,n, n, n) G Uk (g) if and only if 

|n|, Ini, 1 ^ 1 , I’'in - ’’^l > |n {x - D(a,b,c)r2) - rl\ , |ri (a; - D(^a,b,c)r2) - nn| < 9 ^”"- 
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Note that here |ri| = |r2| = \rs\ = ^ since |rir3 — r|| , |D(a,6,c)^2 +^11 ^ ^ 

k — n 

g“2“ < |r2|. We make a change of variables 


y = ri{x- £>(a,6,c)’"2) “ r2r^ 

, X 

Try = To -- 

^ 2 D 


(a,6,c) 

Note that |r2| = We then have u{ri,r2,r^,ri,r^) G Uk (g) if and only if 


lyhkshki, Dt^a,b,c) (r'^f + rl 


< q' 


,k—n 


Denote I = it holds that 


(ff) = 9* ” K.{k — n,l,k — n) + g-’ (l — g k {k — n — j, l,k — n) 


i=i 


k—r 


+/ " X! '^(o.&”) (®'’) - +9(1 -9 K(fc-n-l,l,fc-n) + 


i=i+i 


k—r, 


K{k-n- j,l,k-n)+q^ ” ^ 

J=2 j=l+l ) 

Case of w > 2n : Since the proof of this case is identical to the case of N(^a,b,c) € we write here 

5'b (■u(ri,r2,r3,r4,r5)) = '0 (?'4 + D(a,b,c)r2 - ^(a,b.c)?’i) 


so that the proof will fit both cases. We write 

2 := r 2 r 3 + 

In this case, m (ri, r2,rs, r4,rs) € Uk (g) if and only if 

Iri|,|r2|,|r3|,|rir3-r2|,|z|<g'=+"-™ 

\r2\ , |r 3 |, |r 4 |, \r2r4 -rl\, \r1r4 - r 2 r 3 \ < /“”• 
• k = m — n: In this case , w (ri,r2,r3,r4,r5) G Uk(g) if and only if 

ki|,|?' 2 |,|r 3 |,|z| < 1 
|r 4 | < 


and since m — 2n > 1 it holds that 

{g)= J 0 {r 4 ) dr 4 = 0. 

• fc = w — n + 1: In this case , u (ri, r2, rs, r4, rs) G Uk (g) if and only if 

\ri\, \r2\, IrsI , |rir3 -rl\,\z\<q 
Ir4 |,|r 2 r 4 |,|rir 4| 

- Id 1,1^21 < 1: In this case, m (ri, r2, ^3, r4, rs) G Uk (g) if and only if 

IdI ,\z\<q 

|r 4 | < q"*- 2 "+i. 
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~ \i" 2 \ < 1, It"!! = q- In this case, u (^i, r 2 , ra,r 4 , rs) e Uk (g) if and only if 

kal < 1 

\z\<q 

|r 4 | < 

“ |7’2| = (?: In this case, u (^i, r 2 , ra, r 4 ,rs) S Uk (g) if and only if 

\ri\ = |ra| =q 

\z\<q 

|r 4 | < 

In conclusion, we have 

^n+i ( 5 ) = q^ j V' (ri) dr 4 + q{q-l) J f/' (^’ 4 ) c^7'4+ 

|r4|<(3r'"-2» + l |r4|<(3r”*-2'> 

q{q-l) j V' {D(a,b,c)r 2 - N(a,b,c)ri) dn dr 2 dr^ J ip (ta) dr^ = 0. 

|ri| = |r2|=9 \r4\<q”'-^’' 

• k > m — n + 1: In this case , u {ri,r 2 , ra, ra, rs) € Uk (g) if and only if 
|ri|,|r2|,|ra|,|rira-r2|,N<g'=+"-™ 

\r 2 \, kal, kal, \r 2 r 4 - rl\ , |rir4 - r2ra| < 

We make a change of variables 

X=r4+ D(a,b,c)r 2 - N(^a,b,c)ri 
and then u (ri, r 2 , ra, ra, rs) € Uk (g) if and only if 

|a;| < q 

ki|,|r2|,|ra|,|rira-r2|,|z|<g'=+"— 

17-2 {N(a,b,c)ri - D(^a,b,c)r2) “ T’a | > Vl {N{a,b,c)ri - £'(a,b.c)7’2) “ T 2 ra| < 

Denote by C C the set of elements (ri,r 2 ,ra) € C such that 

|ri|,|r2|,|ra|,|rira-r2| 

17-2 {N(a,b,c)ri - D(a,b,c)r 2 ) - T'l \ ,\ri {N^a,b,c)ri - D(^a,b,c)r 2 ) - 7’27'a| < 

It then holds that 

= J V'(7-4)dr4 = 0. 

h 4 |<<? 


B.I. 2 . gOx. 

Case of w < 2 n: We write 


z := rir4 - 2r2ra - r^. 

In this case, u (t"!, r2,ra,r4,rs) G Uk{g) if and only if 

|7-i|, |rira -rl\, |rir4 - r2ra| < 
17-21, kal, 17-41,17-27-4 - 7-|| , |z| < 
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• k = n: In this case , w (ri, r2, rs, r4, rs) € Uk (g) if and only if 

Inl 

k 2 |,|r 3 |,|r 4 |,| 2 :| < 1 

and hence 

{9)= J V' {NiaAc)ri) dn = 0 , 

|^l|<g 2 n-m 

since 2 n — m > 1 . 

• k = n + 1 : In this case , u (ri, r2, ra, r4, r^) G Uk (g) if and only if 

|ri|,|rir 3 |,|rir 4 | 

^2! , kal , \r 4 \ ,\r2r4 - rl\ , |z| < q. 

— k 4 | < 1 : In this case, m (ci, r2,ra,r4, rs) € Uk{g) if and only if 

kll < g 2 "-r«+l 
\r2\,\z\ <q 

kal < 1 - 

— |r4| = g: In this case, u (ri, r2, ra, r4,rs) S Uk (g) if and only if 

Ini 

\r2\, kal, |r 2 r 4 - r|| , |z| < q. 

In conclusion 

{g) =q^ J Ip {N(^a,b,c)ri) dri + 

|ri|< 92 n-m + l 

q j pj {N(^a,b,c)ri) dri j V' (»'4 + D(^a,b,c)r2) dr2 dr^ dr4 = 0 . 

|^l|<g 2 n-m k 4 l=q 

^21 , ha I, I r 2 r 4 -r§ 1 , 121 < 0 - 

• k > n + 1 : In this case , u (ri, r2, ra, r4, r^) € Uk (g) if and only if 

h|,|rir 3 -ri|,|nr 4 -r 2 r 3 | <g'=+”-’” 

|?' 2 |, kal, |r 4 |, |r 2 r 4 - r|| , | 2 ;| < g'=“”. 

We make a change of variables 

a; = r 4 + £>(a. 6 ,c )»'2 - Nia,b,c)ri 

and then u (ri,r2, ra, r4, rs) S Uk (g) if and only if 
kl < q 

\{r4 + £>(a, 6 .c)r 2 ) ra - IV(a. 6 ,c)r|| , | (r 4 + -D(a,&,c)r 2 ) r 4 - IV(a,&,c)r2r3 | ^ 

|r2|, Iral, |r 4 |, |r 2 r 4 - r|| , |z| < 

We denote by C C the set of all elements (r2,r3,r4) such that 

I (r 4 + D(a,b,c)r2) ra - N(a,b,c)rl \ , | (r 4 + D(a,b,c)r2) r 4 - IV(a, 6 .c)r 2 r 3 I < gr'=+"“’” 

|r2|, Iral, |r 4 |, |r 2 r 4 - r|| < 
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It holds that 

E^-(g) = q^-'^X{C) J i;ix)dx = 0. 

\x\<q 

Case of m = 2 n : We write 

2: := r 2 r 3 + rs. 

In this case, u{ri,r2,r^,ri,r^) € Uk (g) if and only if 

|ri|, |r2|, Iral, |r 4 |, \z\, \r1r3 - r|| , |r 2 r 4 - rl\ , \r1r4 - r2r3\ < 

• k = n: In this case , m (ri, r2,ra,r4, rs) € Uk (g) if and only if 

I?'i|,|r 2 |,|r 3 |,|r 4 |,| 0 | < 1 

and hence 

(5) = 1 . 

• fc = n + I: In this case , u (ri, r2, ra, r4, r^) € Uk (g) if and only if 

ki|, \r2\, kal, \r4\, kl, l^ira - , |r 2 r 4 - rl\ , \r1r4 -rara] < q. 

Note that |r2| = q if and only if jraj = q, in which case |ri| = 1^41 = q. 

- V2 \, kal < I: In this case , u (ri, r2, ra, r4, rs) e Uk (g) if and only if 

ki| . k 4 | , kl, |rir 4 | < q. 

^2! = ksl = q- In this case , m (ri, r2, ra, r4, rs) e C/fc (g) if and only if 
|ri|, |r 4 |, |z|, jrira - r|| , |r 2 r 4 - rl\ , \r1r4 - r2r3\ < q- 
We make a change of variables 

X = nra - r| 

y = r2r4 - rl- 

It then holds that u (ri, r2, ra, r4, rs) G Uk (g) if and only if 

|a;|, |y|, kl < q- 

In conclusion 


£^^+1 { 9 ) =q j Ip (r4 + £(a.6.c)»'2) dr2 dr4+ 

|ri|,|r4|,|rir4|<q' 

q [ Ip + D(^a,b,c)r2 + N +,2 

J \ r 2 U,b,c)-^ 

k2l = l’'3l=9 

kl,|y|<g 


dr2 dr3 


dx dy 

q q 


• fc > n + I: We make a change of variables 


-q + q{l-q) = -q^. 


X = r4 + D(a,b,c)r2 - fV(a,fc,c)ri. 

In this case , u (ri, r2, ra, r4, rs) G Uk{g) if and only if 
|a;| < q 

|ri|, |r2|, Iral, |z|, |ri (a; - £(a,b.c)?'2 + N(^a,b,c)ri) - r 2 r 3 | < 
\nr 3 -ri| , |r2 {x - D(a,b,cVi + N(a,b,c)ri) - r^j < 
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“ |’"2| < ^ : In this case , w (?'i,r2,r3,r4,r5) G Uk (g) if and only if 

\x\ < q 
ki|, ksl < 

|z| < 

— < |r2| < g^“”: In this case , u (ri, r2, ra, r4, rs) € Uk (g) if and only if 

\x\ < q 
|ri I 

kal , 1^1 , l^-l {N(^a,b,c)ri - II'(a,b.c)?’2) - ■r2?'3| < g'""” 
l^ira -rl\, \r2 {N(a,b,c)ri - D(a,b,c)r2) - rl\ < g''“”. 

— |?’2| = g^“": In this case , u (ri,r2,r3,r4,r5) G Uk {g) if and only if 

|a;| < q 

ki|, \r2\, kal, 1 ^ 1 ,\ri {x - £>(a,b.c)?'2 + N(^a,b,c)ri) - r 2 r 3 \ < g'=“” 

-r^l,\r2 (x - + N(^a,b,c)ri) - rl\ < g'"“”. 

First note that |ri| = \r2\ = Iraj = g^“", hence we may write e = ^ with |e| = 1 . 

Consider |ri (a; — -D(a,b,c)^2 + ~ ^2’"3| ^ g^“”, multiplying by and dividing 

by r| we have 

cx 

+ D(^a,b,c)^ — N{a,b,c)) ~ ~ 

Since E/F is unramified and e G O, it holds that |e^ + D(^a,b,c)^ ~ ^{a,b,c) \ ~ ^ hence 

also ^ = 1 contradicting the fact that ^ < ^k-n < 1 - 

Let I = Also, let C C he the set such that (ri,r2,r3) G C if and only if 

g^ <\r 2 \< 
kil 

kal, I?"! (lV(a,b.c)?’l - -D(a,b.c)?’ 2 ) “ r 2 r 3 \ < g'^"” 

\r1r3 -rl\,\r2 {N(^a,b,c)^l - D{a,b,c)'^2) - ^3 1 < g''“”. 

It then holds that 

(g) = g'^-" (g'+'=-" + A (C)) J V' (a;) dx = 0 . 

|a:|<? 

Case of w > 2 n : This was already treated in the discussion of the case -/V(a,b,c) = 0 - 

B. 2 . Non-Toral Elements. In this section we consider the case of g ^ UTK. Since G it 

t^d 

is sufficient to consider g = ha{ti)hj3{t2)xa {d) = Xa (p) hc,{ti)hp{t2), where p = Let |ti| = g“", 
|t2| = g”™ and IpI = qK 
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Remark B.4. • Let E = F x K and rj = Wahp (be) € G(0). Recall that according to (CT) 

we assume that a = 0 and b,c^ 0. Since G it holds that 


^^(o,b,c) ^ J (^(o,&,c) (m)) (^(o,6.c) (m)) du = 

U{F) U{F) 

J Ek{ur]~^g7j) {'S(^o,b,c){vu'v~^))du = J L;?, (wV) (^(o,i,i)) (^0 (ffO : 


(7(F) 


(7(F) 


where g' = Xa {p') ha{^)hp{t 2 ) and p' = bcj^. 

Let i? be a cubic field extension and g = Wahp (abc) G G {O). Recall that according to (CT) 
we assume that a, 6, c ^ 0. As above, it holds that 


i9)=E, 


(hhi) w 


(9), 


where g' = Xa (p') ha{^^)hp(t 2 ) and p' = abej^. 

In both cases \p'\ = and hence we may assume from now on that |p| < 1 since (a, b, c) is arbitrary. 
Therefore we assume for the rest of this section that \p\ < 1. Also note that under this assumption, 


it follows that 


< 1 . 


Remark B.5. From Lemma l2.lL and under the assumption that \p\ < 1, we have {g) = 0 unless 

Furthermore, Uk (g) = 0 unless k > n. We have u (ri, r 2 , ra, r 4 , rs) G Uk (g) if and only if 


k > n,m — n 

kil , \r2\, ksl , k2»'3 + ?'5l , \rl - riral < 

|pri - r 2 |, |pr 2 - ra], |pra - ral, |r2r4 - rg - pr 2 ra - prs] < 9 '"“" 
|rir4 - 2r2ra +pr| - prir^ -rg] < . 

Remark B.6. As an analogue of [H Lemma B.2], note that 


J 'i'E{u)du= J 'i'E{u)du, 


Uk{g) 


Uk(g) 


where 

Uk ( 5 ) = {w(ri,r2,ra,r4,r5) G Uk ( 5 ) : |»’4 + A>(a.(,.c )?’2 - A^(a,(,.c)?'i| < q} ■ 
We now split the computation to two cases, Af(a,(),c) = 0 or Af(a,b,c) € ■ 


B.2.1. A^(a,b,c) = 0. We write 


X = r4 + D(a,b,cV2 
Z = r2ra + rg. 
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In this case, u (ri, r2,^3, r4,rs) G Uk{g) if and only if 
|a;| < q 

kil, hi, Iral, 14 , |ri-rir 3 | 

\pri - T2I, \pr2 - Tal, jprg -x + £»(a,b.c)?’21 , \r2X - D(a.,b,c)rl - rj - pz\ < <7'=“” 
\rix - D(^a,b,c)rir2 - r2r3 + pr^ - prirs - z\ < 9''“”. 

Let K=p‘^ + D(a,b,c)- 
Case of / < 0 : 

• k = n: In this case , m (ci, r2,ra,r4, rs) G Uk (g) if and only if 

kl < q 

\ri\,\r 2 \Ar 3 \,\z\y 2 -rir 3 \<q^--”^ 

\pri - T2I, \pr2 - ral, \pr3 - x + L»(o.b,c)?’21 ,\r2X - D(a,b,c)rl -rl-pz\<l 
\rix - D(^a,b,c)rir2 - r2r3 + prl - priXs - 2 ;| < 1 . 

— |x| < 1 : We make a change of variables 

y = rix- D(a,b,c)rir2 - z 
and then u (ci, r2,rs,r4,rs) G Uk (5) if and only if 

k 2 |,|r 3 |,| 2 /| < 1. 

— |a;| = g: We make a change of variables 

y = rix- L>(a,6.c)ri’"2 - r2r3 + prl - prir3 - z 
h = pri - r2 
^2 Cl(a,b,c)^2 X 

and then u (ri,r2,r3,r4,r5) G Uk (g) if and only if 

|4|, hi , kal, \y\ < 1 . 

In conclusion 

^ (5) = J 4 (a^) dx + q~^ j 4 {x) dx = 0 . 

|a:|<l \x\=q 

• k > n: In this case , u (ri, r2,ra,r4, rs) G Uk (g) if and only if 

kl < q 

I 4 ,k 2 -^ir 3 i 

\ri \, |r2|, Iral, \r2X - D(a,b,c)rl - rl - pz\ < g''"” 

- D(a,b,c)r 1X2 - r 2 r 3 + prl - prirs - z\ < g'"“”. 
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We make a change of variables 

y = rix- D(a,b,c)'^iT2 - r2r3 + prj - prig’s - ^ 
h = r2 -pri 
h = pr2 - rz 
h = D(^a,b,c)r2 +pr3-x 

and then u (ri, r 2 , ra, r 4 , rs) € Uk (g) if and only if 

\x\ < q 

\p (ph + h) ■ h + + ph + ^ 3 ) ^ 3 ! ^ <7^^" 


p (ph + hf - {kIi + ph + I3) {ph - D(^a,b,c)^2) 


< q 


fc+n—m+Z 


1^1 1 J \ph + hi ) \ph — D(^a,b,c)h \ ) \y\ ) |^ 1^3 + ^2! — "■ 

Let C C be the subset such that {hjhih) G C if and only if 
\p {ph + ^3) ■ h + + ph + ^3) ^3! ^ 

P {ph + ^3)' - {nh + ph + h) {ph - D^aAc)h) I < 


Hence 


Case of 7 = 0 : 


^i|) \ph + hi ) \ph — D(^a,b,c)h\ , \hh + ^2] ^ 9 ^ "• 
{9) = q''-"X{C) J ib{x)dx = Q. 


\x\<q 


k = n: We make a change of variables 

y = rix- D(a,b,c)'^i'^2 - r2r3 + prl - prixz - z 
h = pn - r 2 

h = Kr 2 - X 

h = rz -pr 2 - 


In this case , u (ri, r 2 , ra, r 4 , ra) S Uk {g) if and only if 

kl < q 

lyl,lkl,lhl,lhl<i 

and hence 

En (5) = J 4’ {x) dx = 0 . 

\x\<q 

• k > n: We make a change of variables 

y = rix - D(^a,b,c)'ri'>' 2 . - ’>' 2 X 3 + prl - prirz - z 
h=r2- pri 
h = pr2 - rz 
h = D(a,b,c)r2 +prz - x. 
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In this case , w ('Ci, r2, ra, r4, rs) € Uk (g) if and only if 
\x\ < q 


Ph + h 


,, + ('*±i3 _ !l I ^3 

\ PK p 


<q‘ 


,/t+n—m 


(pl2 + h\ (ph + h h\ ph - D(^a,b,c)h 

P 


\ K J \ PK 


< q 


fc+n—m 


ph + h h 
P 


pK 


ph + h 


ph — D(a,b,c)h 


^ 1^3 + ^ 2 !. \y\ < y' 


k—Ti 


Let C C be the subset such that [h.h, h) € C if and only if 


ph + h 


• h + 

2 


( ). /3 

\ pK p 


<q 


k-\-n—m 


/ph + ^ 3 ^ f ph h h^ ph ~ ^{a,b,c)h 

\ K. J \ Pki' p 


^fc+n—m 


ph + h h 
P 


pK 


ph + h 


ph — D(a,b,c)h 


<q^ 


Hence 


Epig) = q'^--XiC) J i;ix)dx = 0. 


|a:|<g 


B. 2 . 2 . -/V(a,6,c) G . We write 

x = r4 + D(a,b,c)r2 - N(^a,b,c)ri 
z = rir 4 - 2r2r3 - r^. 

For any k > n, u (ri, r2,ra,r4, r^) G Uk (5) if and only if 

kl < q 

ki|,|r 2 |,|r 3 |,|z|,|r 2 -rir 3 | 

\pri - ral, |pr2 -ra], jpra - {x + N(^a,b,c)ri - £'(a.6.c)?’2) | ,\r2{x + fV(a, 6 .c)»'i - ^(a.6,c)?’2) - rj - pz\ < q^~'^ 
\ri (x + N(a,b,c)ri - D(a,b,c)r2) - r2rz + pr\ - prirs - z\ < 

Let K=p^ + D(^a,b,c)P - ^(a.fc.c) G . 

• k = n: We note that 

Kri-x= p^ {pn - r2)+p{pr2 - rs) + {pr^ - (a: + fV(a,&,c)?’i - £’(a.6,c)?’2)) 

Which means that \Kri — a;| < 1 and hence |ri|, |r2|, jra] < q. We make a change of variables 

y = ri{x + N(^a,b,c)ri - L>(a,&.c)?'2 - prs) - ?'2 {pr2 - r^) - z 
h = KTi — x 
h = r2- pri 
h = n -pr2- 
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One checks that u (ri, r2, r^, rs) G Uk (g) if and only if 

\x\ < q 

\k‘^11+PkIi 12-Khh\ 

\li\Ai 2 \Ah\Ay\<i. 

Let C C be the subset such that (/i, ^2, ^s) G C if and only if 
\k^I\ + pKhh — Kllh] < qr^n-m 

l^il, 1^2!, l^al < 1 - 

Hence 

E^-{g) = XiC) I ^P{x)dx = 0 . 
kl <9 

• k > n: We note that 

nri-x = p^ {pri -r2)+p {pr2 - rs) + {pr^ - {x + NeTi - DEr2)) 

Which means that l^ri — x| < q^“” and hence |ri|, \r2 \, l^al < q*“”. Moreover \brz — [x + N(^a,b,c)ri — -D(o,&,c)?'2) 

qk-n 1^^^ — a:| < q^“". 

We make a change of variables 

y = ri{x- N(a,b,c)Ti - D(a,b,c)r2 - prs) - ^2 {pr2 - n) - z 
h = UTl — X 
l2 = r2- pri 
h = rs -pr 2 - 

One checks that u (ri, r2, r^, r^, rs) G Uk (g) if and only if 
\x\ < q 

{nh +plif - h {nh +pnl2 +p'^h) , \h {h + {p^ + -D(a.&,c)) h + ph) + {nh +pli) ^ 3 ] < q'=+”“’” 

\li\ , hi , h\, \y\ , \li (h + [p^ + f?(aAc)) I 2 +Ph) -ll\< 9"-”. 

Let C C he the subset such that (/i, I2, ^3) G C if and only if 

1^1 (^1 + {p^ + I 2 + ph) + hh + ph) < 9*"'’" ™ 

l^il) 1 ^ 2 ! 5 l^sl j 1^1 {h + {p^ + -D(a,b,c)) h + ph) — "■ 

Hence 

E^-{g)=q’^-X{C) I i;{x)dx = 0 . 

\x\<q 
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